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1 Introduction

Automata on infinite words play a crucial role in logic, for verification purposes and in
other areas (e.g. [Var94], [Tho97], [GTW02], [FOS03]), in particularω-automata and
the relatedω-regular languages.

In the context of program verification using model checking, to check if a model
(program) satisfies a given specification, both model and specification can be regarded
as automata on infinite words (ω-automata), allowing to perform operations like union
and intersection or checking for language emptiness with graph algorithms on the au-
tomata. As it is often easier for the users of a model checker to specify the properties
that they want to verify using a formula in a suitable logic (e.g. linear time logic, LTL),
an algorithm for translation of formulas to correspondingω-automata is needed. For
LTL formulas, traditionally a conversion to nondeterministic Büchi automata (NBA) is
used. Despite a worst case exponential blowup in the size of the formula, in practice the
formulas tend to be small and the resulting Büchi automata are of a manageable size for
many interesting formulas. The state space explosion of the model tends to be a much
bigger problem in explicit state model checkers.

For standard model checking, the nondeterminism of the Büchi automaton does not
pose a big problem, for other algorithms, such as the verification of Markov decision
processes ([CY95], [VW86], [dA97]), theω-automata have to be deterministic. As
deterministic B̈uchi automata are not as expressive as the nondeterministic Büchi au-
tomata, it is necessary to use deterministic automata with more complex acceptance
types, for example Rabin and Streett automata.

Safra [Saf89] proposed an algorithm for the determinization of nondeterministic Büchi
automata to deterministic Rabin automata. In the worst case, it has a2Θ(n·logn) blowup
in the size of the automaton, which was shown to be optimal up to a constant factor in
the exponent. Using this result to translate LTL formulas into nondeterministic Büchi
automata and then using Safra’s construction to translate these into deterministic Rabin
automata leads to a worst case double exponential blowup from the size of the formula
to the size of the resulting automaton.

One of the main goals of this thesis is to answer the question whether it is feasible
to use Safra’s construction and deterministicω-automata for LTL formulas in practice,
relying on the same argument used to defend the practical usability of nondeterministic
Büchi automata for LTL formulas despite the possible exponential blowup: That the
formulas used in practice tend to be of limited length and do not necessarily have the
properties that lead to the worst-case performance.
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1 Introduction

Due to its deterring complexity theoretic properties, very few implementations of
Safra’s construction exist. This naturally leads to few experimental data of the perfor-
mance of Safra’s construction in practice.

The main contributions of this thesis are:

1. Several improvements to Safra’s construction that result in smaller automata in
practice.

2. Additional approaches to the translation from LTL to deterministicω-automata
that perform better than the standard construction in some cases.

3. The implementation of Safra’s construction in a tool,ltl2dstar 1 (LTL to
deterministicStreett and Rabin automata), extended to allow translation from
LTL to deterministicω-automata.

4. Experimental results, showing the feasibility of usingltl2dstar and determin-
istic ω-automata for LTL formulas in practical applications.

As the translation of LTL formulas to nondeterministic Büchi automata has been ex-
tensively researched and many implementations exist, we can use these external tools to
have a state-of-the-art building block.

Overview

In Chapter 2 we will define the notations we will use, define LTL and the different au-
tomata types and explore their relationship and basic properties. Chapter 3 will describe
Safra’s determinization algorithm in detail. Chapter 4 presents several optimizations
that can be used to improve Safra’s construction and reduce the size of the resulting
automaton. Chapter 5 presents the toolltl2dstar , provides a survey of LTL→NBA
translators and gives experimental results on the performance of theltl2dstar trans-
lator and the different optimizations presented in Chapter 4.

1http://www.ltl2dstar.de
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2 Definitions and Notations

2.1 Notation

For a setS, S∗ denotes the set of finite sequencesσ = σ0, σ1, . . . , σn, with σi ∈ S.
The set of infinite sequencesσ = σ0, σ1, . . . , with σi ∈ S is denoted bySω.
If S is an alphabetΣ, the sequences inΣ∗ andΣω are calledwordsoverΣ, the empty
word of length 0 inΣ∗ is denoted byε.
For two wordsα ∈ Σ∗ andβ ∈ (Σ∗ ∪ Σω), the concatenation ofα andβ is denoted by
α·β.
For a sequenceσ, we defineσ|i as the suffixσi, σi+1, . . . of σ starting at indexi. σ[i, j)
denotes the sequence from positioni to positionj − 1: σ[i, j) = σi, σi+1, . . . , σj−1.
A languageL overΣω is a subset ofΣω: L ⊆ Σω. The complement language, denoted
byL, is defined as the words fromΣω that are not inL:

L = Σω \ L

The definitions for languages over finite words are similar, only withΣ∗.
xi denotes thei-times repetition ofx, x0 is empty.
For a setS, 2S denotes the power set ofS (the set of all subsets ofS).

2.2 Linear Time Logic (LTL)

Definition 2.2.1 (LTL syntax). The set of LTL formulas over a set of atomic proposi-
tions AP is defined by the grammar

ϕ ::= true | p | ¬ϕ | ϕ ∨ ϕ | X ϕ | ϕ U ϕ,

wherep ∈ AP.

Definition 2.2.2 (LTL semantics). Let σ = σ0, σ1, σ2, . . . be an infinite word in
Σ = 2AP. Letϕ be an LTL formula overAP. σ |= ϕ is defined as follows:

• σ |= true.
• σ |= p ∈ AP iff p ∈ σ0.
• σ |= ¬ϕ iff σ 6|= ϕ.
• σ |= ϕ1 ∨ ϕ2 iff σ |= ϕ1 or σ |= ϕ2.
• σ |= Xϕ1 iff σ|1 |= ϕ1.
• σ |= ϕ1 Uϕ2 iff ∃k ≥ 0 : σ|k |= ϕ2 and∀ 0 ≤ i < k : σ|i |= ϕ1.

7



2 Definitions and Notations

Definition 2.2.3 (Language of an LTL formula). For an LTL formulaψ over a set of
atomic propositionsAP and withΣ = 2AP, define thelanguageof ψ as

L(ψ) = {σ ∈ Σ : σ |= ψ}.

From the basic operators defined above, we can derive other operators:

Duals

False false := ¬ true

And ϕ1 ∧ ϕ2 := ¬ (¬ϕ1 ∨ ¬ϕ2)

Release ϕ1 V ϕ2 := ¬ (¬ϕ1 U ¬ϕ2)

Abbreviations

Implication ϕ1 → ϕ2 := (¬ϕ1) ∨ ϕ2

Equivalence ϕ1 ↔ ϕ2 := (ϕ1 → ϕ2) ∧ (ϕ2 → ϕ1)

Finally ♦ ϕ := true U ϕ

Globally ¤ ϕ := false V ϕ

Definition 2.2.4 (Size of a formula).For an LTL formulaψ, thesizeof ψ is denoted by
|ψ| and defined as the number of operators inψ.

Definition 2.2.5 (Positive normal form). A LTL formula ϕ is in positive normal form
(PNF)1, if the formula contains only the operators∨,∧, U, V andX and negation only
occurs in front of atomic propositions.
In other words, all formulas that can be generated by the grammar

ϕ ::= true | false | p | ¬p | ϕ ∨ ϕ | ϕ ∧ ϕ | X ϕ | ϕ U ϕ | ϕ V ϕ

are in positive normal form, wherep ∈ AP.

It is clear that every LTL formulaϕ can be converted into an equivalent LTL formula
ϕ′ in PNF by using the duals to push negation inward and eliminating double negation.

Definition 2.2.6 (Closure). The closure of an LTL formulaψ, denoted bycl(ψ) is the
set of subformulas ofψ, includingψ itself.

1PNF is sometimes also callednegation normal form.
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2.3 Automata and Languages

2.3 Automata and Languages

While classical finite automata operate on finite words,ω-automata operate on infinite
words. They are classified by themode of their transition function(e.g. deterministic,
nondeterministic, . . . ) and by the type of theiracceptance conditions(e.g. B̈uchi, Rabin,
Streett, . . . ).

This section describes the common concepts regardingω-automata.

ω-automata

An ω-automaton is a five-tupleA = (Q,Σ, δ, q0,Ω) where:

• Q is a (finite) set of states,
• Σ is the alphabet,
• δ : Q× Σ → 2Q is the transition function,
• q0 ∈ Q is the initial state,
• Ω is an acceptance condition (the different types of acceptance conditions used in

this thesis will be introduced later).

ω-automata can be graphically represented most naturally as a graph with the states
Q as the vertices and edges labeled witha ∈ Σ corresponding to the transition function
δ.

For our purposes, normallyΣ = 2AP, for a set of atomic propositionsAP.

Deterministic automata

If |δ(q, a)| = 1 for all q ∈ Q anda ∈ Σ, the automaton is calleddeterministic.
For each element ofΣ, all states have exactly one successor andδ can be regarded as
δ : Q× Σ → Q.

For deterministic automata, we can easily extend the transition functionδ to have
finite words as input:δ : Q× Σ∗ → Q. Forq ∈ Q andσ = σ0, σ1, . . . , σn,

δ(q, σ) = δ(δ(. . . δ(δ(q, σ0), σ1) . . . , σn−1), σn).

Run

A sequence of statesπ = π0, π1, π2, . . . ∈ Qω is called arun over an infinite
wordσ ∈ Σω, if π0 = q0 and for everyi, πi+1 is aσi-successor ofπi: πi+1 ∈ δ(πi, σi).
For deterministic automata, every wordσ ∈ Σω corresponds to exactly one run
overσ. For nondeterministic automata there can be words with no, one or multiple runs.
A run π visitsa stateq ∈ Q if there exists ani such thatπi = q.

9



2 Definitions and Notations

Infinity set

The infinity set of a runπ is the set of states that are visited infinitely often in the run,
Inf (π) = {q | ∃ωi : πi = q}2.

Acceptance & language

A run π is acceptingif it satisfies the acceptance conditionΩ. For the different ac-
ceptance types, what ”satisfies” means is defined differently and will be explained later.

The language accepted by a deterministic automatonA is defined as

L(A) = {σ ∈ Σω | The run ofA onσ is accepting}.

For a nondeterministic automatonA we can have multiple or no runs, therefore the
language accepted byA is defined as

L(A) = {σ ∈ Σω | There exists an accepting run ofA onσ}.

Successor

Let q ∈ Q be a state in anω-automaton. Then we define the functionsucc : Q→ 2Q

as
succ(q) = {q′ ∈ Q | ∃a ∈ Σ : q′ ∈ δ(q, a)},

and a state insucc(q) is called animmediate successorof q.

We now define the functionsucc∗(q) : Q → 2Q, giving us the set of states that are
reachable fromq, as

succ∗(q) = {q′ ∈ Q | ∃σ ∈ (Σ∗ \ {ε}) : q′ ∈ δ(q, σ)}.

The states insucc∗(q) are calledsuccessorsof q.

Propositional formulas on the edges

Sometimes, instead of using symbolsa ∈ 2AP in the transition function, it is more
convenient to use propositional formulas over AP as the labels of the edges, representing
possibly multiple elements of2AP. For example, forAP = {a,b} andΣ = 2AP, true
would correspond to all the elements∅, {a}, {b}, {a,b} of 2AP, the formulaa would
correspond to{a} and{a,b} and the formula¬a ∧ b to the element{b}.

These propositional formulas are used in this thesis for the edges of the graphical
representations of automata. The conjunction∨ is denoted by&, the negation¬ by !.

2We use the abbreviation∃ω for ”there are infinitely many”. Formally,∃ωj : φ(j) ≡ ∀i∃j : j > i∧φ(j).
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2.4 Büchi Automata

2.4 Büchi Automata

There are many different types of acceptance conditions forω-automata. We will first
introduce B̈uchi acceptance, leading to nondeterministic and deterministic Büchi au-
tomata. Later, in Sections 2.5 and 2.6, we will introduce Rabin and Streett acceptance
and the corresponding automata. For this thesis, we only need the deterministic variants
of Rabin and Streett automata.

2.4.1 Nondeterministic Büchi Automata

Definition 2.4.1. A nondeterministic B̈uchi automaton (NBA) is a five-tuple
ANBA = (Q,Σ, δ, q0, F ), where:

• Q is the set of states,
• Σ is the alphabet, in our caseΣ = 2AP,
• δ : Q× Σ → 2Q is the transition function,
• q0 ∈ Q is the initial state,
• F ⊆ Q is the set of accepting states3 (Büchi condition)

Definition 2.4.2 (Büchi acceptance).A run π of a nondeterministic B̈uchi automaton
ANBA with acceptance conditionF is accepting iff Inf (π) ∩ F 6= ∅, i.e. some states
from F are visited infinitely often.

Therefore, a run in a nondeterministic Büchi automaton is accepting iff there is at
least one runπ that visitsF infinitely often.

Büchi acceptance can be represented by the following LTL formula, whereF̂ is an
atomic proposition that is true for a stateq iff q ∈ F :

¤♦ F̂

Sometimes NBA are defined to allow a set of initial states instead of a single start
state. This can be easily converted to our definition.

2.4.2 Deterministic Büchi Automata

Deterministic B̈uchi automata (DBA) are defined like their nondeterministic counter-
parts, except that the transition function is deterministic:

• δ : Q× Σ → Q.

3The accepting states are sometimes also calledfinal or fair states.
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2 Definitions and Notations

Graphical Representation

The accepting states of the NBA are rectangular, the ”normal” states are circles. The
start stateq0 is shaded grey.

0

 true

1 a

2
 true

4

 true

3 b

 true

 c

Figure 2.1:Graphical representation of a nondeterministic Büchi automaton

2.5 Deterministic Rabin Automata

Definition 2.5.1. A deterministic Rabin automaton (DRA) is a five-tuple
ADRA = (Q,Σ, δ, q0,Ω), where:

• Q is the set of states,
• Σ is the alphabet, in our caseΣ = 2AP,
• δ : Q× Σ → Q is the transition function,
• q0 ∈ Q is the initial state,
• Ω = {(L1, U1), . . . , (Lr, Ur) | Li, Ui ⊆ Q} is the Rabin acceptance condition4

Definition 2.5.2 (Rabin acceptance).A runπ of a Rabin automatonAwith acceptance
conditionΩ = {(L1, U1), . . . , (Lr, Ur)} is accepting iff there exists ani ∈ {1, . . . , r}
such thatInf (π) ∩ Li 6= ∅ andInf (π) ∩ Ui = ∅.

In other words, an acceptance pair(Li, Ui) is accepting when there is at least one
state inLi that is visited infinitely often inπ and after some point no state inUi is
visited anymore inπ. If at least one of ther pairs(Li, Ui) is accepting, then the whole
automata is accepting.

Rabin acceptance can be expressed as an LTL formula, withL̂i, Ûi as atomic propo-
sitions that aretrue for a stateq in the run iffq ∈ Li (q ∈ Ui):

∨

1≤i≤r
(¤ ♦ L̂i ∧ ¬¤♦ Ûi) =

∨

1≤i≤r
(¤♦ L̂i ∧ ♦¤¬Ûi)

4Another slightly different definition of the acceptance condition that is often used is defined as
Ω = {(E1, F1), . . . , (Er, Fr)}, with the role ofUi taken byEi and that ofLi taken byFi,
i.e. the order of the two sets in the acceptance pairs is switched.
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2.5 Deterministic Rabin Automata

While the acceptance pairs contain sets of states, we are sometimes interested to know
the acceptance pairs a specific state is a member of:

Definition 2.5.3 (Acceptance signature).
LetA = (Q,Σ, δ, q0,Ω = {(L1, U1), . . . , (Lr, Ur)}) be a deterministic Rabin automa-
ton. Then, withI = {1, . . . , r} we define a functionacc : Q→ 2I × 2I with

acc(q) = ( {i ∈ I | q ∈ Li} , {i ∈ I | q ∈ Ui} ).

Informally, acc(q) returns a pair of sets, the first set containing the indicesi of the
acceptance pairs(Li, Ui) whereq is in Li, the second set containing the indices where
q is inUi.

Graphical Representation

Each stateq ∈ Q is represented by a box, containing an integer as an identifier for
the state and a textual representation of the acceptance signatureacc(q), with ’+i’ used
to signify q ∈ Li and ’-i’ for q ∈ Ui. Optionally, the states may contain additional
information to show the internal representation used by the algorithm to create them.
The graphical representation for them is explained with the description of the respective
algorithm.

The start stateq0 is shaded grey.

0  

1 +0

 !a 2  

 a

4 -0

 !b

3 +0

 b

 !a&!b

 a&!b

 b

 true  true

Figure 2.2:Deterministic Rabin Automaton for the LTL formulaϕ = a U Xb
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2 Definitions and Notations

2.6 Deterministic Streett Automata

Deterministic Streett Automata (DSA) are defined like deterministic Rabin Automata,
they differ only in the semantics of the acceptance condition:

Definition 2.6.1 (Streett acceptance).A run π of a Streett automatonA with accep-
tance conditionΩ = {(L1, U1), . . . , (Lr, Ur)} is accepting iff for alli ∈ {1, . . . , r}
Inf (π) ∩ Li = ∅ or Inf (π) ∩ Ui 6= ∅.

In other words, a pair(Li, Ui) is accepting if there is no state inLi that occurs in-
finitely often inπ or if there is a state inUi that occurs infinitely often inπ. If all of
the r pairs(Li, Ui) are accepting, then the whole automata is accepting.

As an LTL formula, Streett acceptance can be expressed as follows5, with L̂i, Ûi as
atomic propositions that aretrue for a stateq in the run iffq ∈ Li (q ∈ Ui):

∧

1≤i≤r
(¬¤ ♦ L̂i ∨¤♦ Ûi) =

∧

1≤i≤r
(¤ ♦ L̂i → ¤♦ Ûi)

The acceptance signature for states of Streett automata is defined as for Rabin au-
tomata.

2.6.1 Duality of DRA and DSA

Looking at the formulas for Rabin and Streett acceptance, we can see that they are dual,
i.e. Rabin acceptance is the negation of Streett acceptance and vice versa. Therefore, if
we have a deterministic Streett automatonADSA and a deterministic Rabin automaton
ADRA with exactly the same transition structure and the same set of acceptance pairs
(Li, Ui), thenADSA accepts the complement language ofADRA (e.g. [Löd98]):

L(ADSA) = L (ADRA)

This provides a very simple method for complementing Rabin and Streett automata.
One possible approach to complement nondeterministic Büchi automata using Safra’s
construction is as follows6:

NBA
Safra’s construction−−−−−−−−−−→ DRA

regard as Streett−−−−−−−−−−→
=complementation

DSA
convert to B̈uchi−−−−−−−−→
(Section 2.8.3)

NBA

Size of Streett and Rabin automata for the same language Complemen-
tation of NBA can require an exponential blowup, which is also true for the conversion
from deterministic Streett to nondeterministic Büchi automata:

5Streett acceptance is essentially a strong fairness condition.
6More efficient complementation procedures for NBA that do not require determinization were developed

since the introduction of Safra’s construction, for example [FKV04].
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2.7 Expressiveness

Proposition 2.6.1 ([Saf89] Lemma 2.3 ).For everyn > 0 there exists a determinis-
tic Streett automaton with3n states and2n accepting pairs, such that any equivalent
nondeterministic B̈uchi automaton has at least2n states.

It follows from this proposition and the fact that there exists a polynomial conver-
sion from deterministic Rabin automata to nondeterministic Büchi automata (see Sec-
tion 2.8.2) that for some languages deterministic Streett automata are exponentially
more compact than deterministic Rabin automata. Because of the duality of Streett
and Rabin automata, it follows that for some languages the reverse is true and for them
deterministic Rabin automata are exponentially more compact than deterministic Streett
automata.

2.7 Expressiveness

It is well known that nondeterministic B̈uchi, deterministic Rabin and deterministic
Streett automata all have the same expressive power. They can all express theω-regular
languages (e.g. [Tho90]), defined by an extension of regular expressions on finite words
to infinite words, having the operators· (concatenation),+ (alternation),∗ (Kleene star)
and adding theω operator:

ω-regular languages An ω-regular expressionis an expression of the form

α1·βω1 + . . .+ αn·βωn ,

where, for alli, αi andβi are regular expressions on finite words (such that the empty
word ε 6∈ L(βi)). The languages recognizable byω-regular expressions are called
ω-regular.

Interestingly, for the Rabin and Streett acceptance condition, the nondeterministic au-
tomata are not more expressive than their deterministic counterparts. But deterministic
Büchi automata are less expressive than nondeterministic Büchi automata.

2.7.1 Expressiveness of deterministic Büchi automata

Proposition 2.7.1 ([Var96]). Deterministic B̈uchi automata can not express allω-regular
languages.

Proof. We show this by presenting a languageL that can be expressed by a nondeter-
ministic Büchi automatonA but not by a deterministic B̈uchi automaton. The language
corresponds to the LTL formula7 ♦¤ a, which can be represented by a nondeterministic
Büchi automatonA like this:

7This type of formula is calledpersistence formula.
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0

 true

1 a

 a

As AP = {a} and2AP = {∅, {a}}, we will use the shorthand1 for {a} and0 for ∅.
Assume that there is a deterministic Büchi automatonA′ = (Q,Σ, δ, q0, F ) that rec-

ognizes the same language as the NBAA. Consider the infinite wordσ0 = 1ω, which
is clearly accepted byA′ and therefore has a finite prefixu0 such thatδ(q0, u0) ∈ F .
Then, the infinite wordσ1 = u0·0·1ω is also accepted byA′ and has a finite prefix
u0·0·u1 such thatδ(q0, u0·0·u1) ∈ F . We can continue to get finite wordsui with
δ(q0, u0·0·u1·0·. . .·0·ui) ∈ F . SinceA′ has only a finite number of statesQ, there are
0 ≤ i ≤ j such thatδ(q0, u0·0·u1·0·. . .·0·ui) = δ(q0, u0·0·u1·0·. . .·0·ui·0·. . .·0·uj)
and thereforeA′ has an accepting run on the word

σ = u0·0·u1·0·. . .·0·ui·(0·. . .·0·uj)ω.

But σ has infinitely many0 and thereforeσ 6∈ L(A), which is a contradiction to the
initial assumption.

2.7.2 (Co-)Safety languages

An important subset of the languages that can be expressed with deterministic Büchi
automata are the safety and co-safety languages:

Definition 2.7.1 (Safety languages8). LetL ∈ Σω be a language on infinite words over
an alphabetΣ. Then a finite wordx ∈ Σ∗ is called afinite bad prefixfor L, if for every
y ∈ Σω the concatenationx·y /∈ L. If all wordsw ∈ Σω \ L (all words not inL) have
a finite bad prefix,L is called asafety language. We denote the set of bad prefixes of a
languageL by badpref (L).
If for a languageL, the complement languageL = Σω \ L is a safety language, thenL
is called aco-safety language9.
If for an LTL formulaϕ, L(ϕ) is a safety language, thenϕ is called asafety formula. If
L(ϕ) is a co-safety language, thenϕ is called aco-safety formula.

As badpref (L) ∈ Σ∗, it can be recognized by nondeterministic and deterministic
finite automata.

8In the topological Borel hierarchy, safety properties correspond to the class F, co-safety to the class G
and deterministic B̈uchi automata to the classGδ (e.g. [Tho90]).

9Co-safety properties are often also calledguarantee properties, because they informally ”guarantee that
something good will happen” (e.g. [MP90]).
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2.8 Simple transformations betweenω-automata

Deterministic Büchi

Safety
Co−Safety

LTL

omega−regular

nondeterministic Büchi

deterministic Rabin

deterministic Streett

Figure 2.3:Language inclusion diagram for the presented automata and LTL

2.7.3 Expressiveness of LTL

The languages expressible by LTL formulas form another subset of theω-regular lan-
guages, they correspond to thestar-freeω-regular languages(e.g. [Tho90]). For ex-
ample, the language ”1 at every other index” recognized by theω-regular expression
(1·(0+1))ω can not be expressed by an LTL formula [Wol82], while the following NBA
recognizes this language:

0 1 1
 0, 1

2.8 Simple transformations between ω-automata

This section presents conversions from DBA to DRA and to DSA, and from DRA and
DSA back to nondeterministic B̈uchi automata.

2.8.1 Deterministic Büchi to Rabin and Streett

If we have a deterministic B̈uchi automatonABüchi = (Q,Σ, δ, q0, F ), we can easily
create an equivalent deterministic Rabin or Streett automaton on the same transition
structure with one acceptance pair:

17



2 Definitions and Notations

• Rabin:ARabin = (Q,Σ, δ, q0,Ω = {L,U}), with L = F andU = ∅.
• Streett:AStreett = (Q,Σ, δ, q0,Ω = {L,U}), with L = Q andU = F .

2.8.2 Deterministic Rabin to nondeterministic Büchi

The basic idea (e.g. [L̈od98]) to generate an equivalent nondeterministic Büchi au-
tomaton from a deterministic Rabin automatonA = (Q,Σ, δ, q0,Ω), with acceptance
conditionΩ = {(L1, U1), . . . , (Lr, Ur)}, is to take the original transition structure and
generater additional copies of the automaton, one for each Rabin acceptance pair. At
each state in the original automaton, the NBA can nondeterministically choose the ac-
ceptance pairi which will ultimately be accepting and switch to its copy and stay there.
In this copy, the states inUi have no outgoing transitions. This ensures that no state in
Ui can be visited infinitely often. The states inLi are accepting states in the copy fori.
This ensures that at least one of them is visited infinitely often in an accepting run.

Define the nondeterministic B̈uchi automatonA′ = (Q′,Σ, δ′, q0, F ′) as follows:

• Q′ = Q ∪ (Q× {1, . . . , r})
• Fora ∈ Σ, q ∈ Q andk ∈ {1, . . . , r} define

δ′(q, a) = δ(q, a) ∪ {(p, j) | p ∈ δ(q, a) ∧ 1 ≤ j ≤ r}

δ′((q, k), a) =

{
∅ if q ∈ Uk
{(p, k) | p ∈ δ(q, a)} otherwise

• F ′ =
⋃r
i=1 Li × {i}

For a Rabin automaton withn states andr acceptance pairs, the resulting Büchi au-
tomaton hasO(n · r) states.

Note To remove some unnecessary nondeterminism in the NBA, we can change
the transition functionδ′(q, a) to only go to a copyj if the nodeq ∈ Lj instead of for
all nodesq. If we do this, we have to verify that the destination nodep in copyj is not
in Uj :

δ′(q, a) = δ(q, a) ∪ {(p, j) | p ∈ δ(q, a) ∧ (1 ≤ j ≤ r) ∧ (q ∈ Lj ∧ p /∈ Uj)}

2.8.3 Deterministic Streett to nondeterministic Büchi

The transformation (e.g. [L̈od98]) from deterministic Streett automata to nondetermin-
istic Büchi automata is more complex; in fact, because of Proposition 2.6.1, we cannot
expect a polynomial transformation from DSA to NBA.

LetA = (Q,Σ, δ, q0,Ω) be a deterministic Streett automaton, with acceptance condi-
tion Ω = {(L1, U1), . . . , (Lr, Ur)}. For every accepting runπ = π0, π1, . . . of A there
exists ak such that for everyl1 > k with πl1 ∈ Li there exists al2 ≥ l1 with πl2 ∈ Ui.
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2.8 Simple transformations betweenω-automata

The Büchi automaton operates in two modes: In the first (starting) mode, it just mim-
ics the transitions in the deterministic Streett automaton. At any point it can nondeter-
ministically guess thatk has been reached and switch to the second mode. Here, besides
mimicking the original Streett automaton, it keeps track of the indicesi, j of the visited
Li andUj in two setsI andJ . Every timeI ⊆ J , i.e. for every visitedLi, the corre-
spondingUi was also visited, we resetI = J = ∅. If I andJ are reset infinitely often
to ∅, then the run is accepting.

Define the nondeterministic B̈uchi automatonA′ = (Q′,Σ, δ′, q0, F ′) as follows:

• Q′ = Q ∪ (Q× 2{1,...,r} × 2{1,...,r})
• Fora ∈ Σ, q ∈ Q, I, J ⊆ {1, . . . , r} and
I ′ = I ∪ {i : q ∈ Li}, J ′ = J ∪ {j : q ∈ Uj}
define

δ′(q, a) = δ(q, a) ∪ {(p, ∅, ∅) | p ∈ δ(q, a)}

δ′((q, I, J), a) =

{
{(p, I ′, J ′) : p ∈ δ(q, a)} if I ′ * J ′

{(p, ∅, ∅) : p ∈ δ(q, a)} if I ′ ⊆ J ′

• F ′ = Q× {∅} × {∅}
For a Streett automaton withn states andr acceptance pairs, the resulting Büchi

automaton hasn · 2O(r) states.
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3 Safra’s Construction

Safra [Saf89] proposed a construction to convert a nondeterministic Büchi automaton
into an equivalent deterministic Rabin automaton. We will first explore the motiva-
tion behind this construction, then describe the construction formally and investigate its
complexity.

3.1 Motivation

Let A = (Q,Σ, δ, q0, F ) be a nondeterministic B̈uchi automaton we want to deter-
minize. The natural starting point in the search for a determinization construction for
automata on infinite words is surely to consider the determinization of automata onfi-
nite words, the classical powerset construction. There, the states of the deterministic
automaton are sets of statesQ̂ ∈ 2Q of the nondeterministic automaton, and the new
transition functionδ′ is defined as the union of the immediate successors of the states in
Q̂:

δ′(Q̂, a) =
⋃

q∈Q̂
δ(q, a)

The accepting states of the deterministic automaton are the statesQ̂, where at least
one stateq ∈ Q̂ is an accepting state in the nondeterministic automaton:

F ′ = {Q̂ | ∃q ∈ Q̂ : q ∈ F}

This construction for automata on finite words can also be used for nondeterministic
Büchi automata, which would result in deterministic Büchi automata. As we have seen
in Section 2.7.1, deterministic B̈uchi automata are not as expressive as nondeterministic
Büchi automata and therefore it is guaranteed that the classical powerset construction
will not work correctly for some NBA. We will consider an example where the powerset
construction has to fail, the same used to show that DBA are less expressive, and we will
examine why it fails.

Consider the nondeterministic Büchi automatonA for L(♦¤ a) in Figure 3.1 a). Ap-
plying the powerset construction results in the deterministic Büchi automatonA′ shown
in Figure 3.1 b), having two states,{0} and{0,1}, where the state{0,1} is accepting
because state 1 in the original automaton is accepting.

It is clear thatL(A′) 6= L(A), for example the infinite wordσ = ({a}·∅)ω (a and¬a
alternating infinitely often) is accepted by the deterministic automatonA′ but rejected
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3 Safra’s Construction

0

 true

1 a

 a

(a) Nondeterministic B̈uchi

{0}

 !a

{0,1} a
 !a

 a

(b) Powerset construction

Figure 3.1:NBA for L(♦¤ a) and result of the classical powerset construction

by the nondeterministic automatonA. The problem is easily identified: Forσ, there are
infinitely many runs in the nondeterministic Büchi automatonA that visit the accepting
state 1,but then abort, i.e. are of finite length and can therefore not be accepting. In the
deterministic automaton, these finite runs are not detected and thus not rejected.

Safra’s idea was to use multiple powerset constructions in parallel to track the runs
originating in accepting states in addition to the classical powerset construction, which
allows to detect when these runs are finite and need to be rejected. These different pow-
ersets are organized in a tree-structure calledSafra treesand the states of the determin-
istic ω-automaton are not simply sets of states as in the classical powerset construction
but Safra trees.

These trees consist of nodes that have aname, which allows us to refer them and keep
track of their existence over multiple trees, and alabel, a set of states from the original
NBA associated with this node. The transition function will transform a Safra tree to
its successor by separately applying the powerset construction to the labels of every
node of the tree. The initial tree will have only a root node with{q0} as its powerset,
therefore the label of the root node in all trees will correspond to the classical powerset
construction.

As we want to keep track of runs originating from accepting states, we create a new
child for every node that contains an accepting state in its label. The label of the newly
branched child consists of all the accepting states from the parent’s label. If at a future
point this node has an empty label, meaning that the runs it tracked were finite, we
can remove the node and record in the acceptance condition that these runs should be
rejected (Figure 3.2).

We now face the problem that, because there is no limit on the branching of new
nodes, the trees can grow infinitely large. To get finite trees, we therefore have to bound
both height and width of the trees. The width can be limited by the realization that it is
not necessary that a state appears in the labels of multiple siblings, it is sufficient that
only one of the siblings tracks the corresponding run. To have a well defined rule which
sibling is chosen to keep such a state, Safra proposes an ordering on the siblings in the
tree by considering their ”age”, i.e. the relative order of their creation. If two siblings
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3.1 Motivation

0 - {0} a−→ 0 - {0,1} a−→ 0 - {0,1}

1 - {1}

a−→ 0 - {0,1}

1 - {1} 3 - {1}

2 - {1}

¬ a−−→ 0 - {0}

Figure 3.2:New nodes are created to keep track of runs originating from accepting
states, nodes with empty labels are deleted.

share a state in their labels, the older sibling keeps the state and the state is removed
from the younger sibling. By applying this operation, we can ensure that the labels of
the sibling nodes are disjunct.

To bound the height, we notice that the union of the labels of the children of a node
in a Safra tree is always a subset of the label of the parent node, as they track a subset
of runs that the parent tracks. When a parent and its child have exactly the same labels,
they both track the same runs, which is redundant and we can remove the child node. To
keep track when this happens, every node has a flag (graphically represented by a ’!’)
that is set when the children of a node are removed like this.
As the states of the parent’s label can be distributed over multiple children, we extend
this operation to handle the more general case: If the label of the parent equals the union
of the labels of its children, then remove all children (and their children) and mark the
parent node.
After this operation, the union of the labels of the children are a proper subset of the label
of the parent node, which bounds the height of the tree, as the states that can appear in
the labels are finite and every additional level of the tree has to have at least one state
less in the labels of the children.

Now that siblings have disjunct labels and a parents label is a proper superset of
the labels of its children, the Safra trees are bounded both in height and width and are
therefore finite. We will later prove that for an NBA withn states all Safra trees will
have at mostn nodes and that it is sufficient to have2n different node names, so we take
the node names from{1, . . . , 2n}.

0 - {0} a−→ 0 - {0,1} a−→ 0 - {0,1}

1 - {1}

a−→ 0 - {0,1}

1 - {1} 3 - {1}

2 - {1}

After branching

Ã
0 - {0,1}

1 - {1} !

Nodes
2 and 3
removed

¬ a−−→ 0 - {0}

Figure 3.3:Example of Safra’s construction. The fourth and fifth tree show the effect of
the two operations that limit the height and width of the trees.
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3 Safra’s Construction

Now we have to consider the acceptance condition. We have seen that Büchi accep-
tance is not enough for deterministicω-automata, so we consider Rabin acceptance, by
connecting one Rabin acceptance pair(Li, Ui) with each node of the Safra trees. If a
node namedi is deleted because its label becomes empty, the Safra tree is put intoUi,
as the runs tracked by nodei were finite and we have to reject them. On the other hand,
if a nodei is marked, the Safra tree is placed inLi.

We will now formally define Safra trees and Safra’s construction and prove its cor-
rectness.

3.2 Safra trees 1

LetQ be a nonempty, finite set, with|Q| = n. LetT be a finite, ordered tree with nodes
N and the following structure:

• Every node of the tree has a unique name from the set{1, . . . , 2n}
name : N → {1, . . . , 2n}

• Every node is labeled with a member of2Q

label : N → 2Q.
• Every node is either marked or unmarked

marked : N → {true, false}
We denote byroot(T ) the root node of tree T, byparent(n) the parent of a noden

(with parent(root(T ))=⊥) and bychild i(n) thei-th child of a noden.

To be a valid Safra tree,T has to satisfy the following constraints:

1. No node has an empty label:label : N → 2Q \ {∅}
2. The label of a parent node is a proper superset of the union of the labels of the

children.
3. The labels of sibling nodes are disjoint.

Lemma 3.2.1. A Safra tree over a setQ with |Q| = n has at mostn nodes.

Proof. We proof the lemma by induction over the depth of the tree.

If the depth is 1, the tree consists only of the root node.

Let h + 1 be the depth of the tree. Leti1, . . . , ik be the children of the root node
with labelsQ1, ..., Qk. For j = 1, . . . , k, the subtree withij as root is a Safra tree
overQj with a depth of at mosth. By the induction hypothesis this subtree has at most
nj = |Qj | nodes. TheQj are disjoint and their union is a proper subset of Q. Therefore
Σk
j=1nj < n. This means that the number of nodes of the whole Safra tree is at most

1 + Σk
j=1nj < 1 + n ≤ n.

1This and the next two sections roughly follow the presentation of Safra’s construction in [Löd98].
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3.3 Constructing the deterministic Rabin automaton

3.3 Constructing the deterministic Rabin automaton

Given a nondeterministic B̈uchi automatonA = (Q,Σ, δ, q0,Ω) with n states, we con-
struct a deterministic Rabin automatonA′ = (Q′,Σ, δ′, q′0,Ω

′) as follows:

• Q′ = The set of all Safra trees over Q.
• q′0 = The Safra tree with only one node, named 1, labeled with{q0} and un-

marked.
• The transition functionδ′ transforms a Safra tree into its successor given input
a ∈ Σ by the following procedure:

1. Unmark
Setmarked(n) = false for all nodesn.

2. Branch accepting
For every noden with label(n)∩ F 6= ∅, create a new node as the youngest
child ofn labeled withlabel(n)∩F . The new node is named with an unused
name from{1, . . . , 2n} (see explanation below).

3. Powerset
For every noden, replacelabel(n) with

⋃
q∈label(n) δ(q, a).

4. Normalize siblings
For every two sibling nodes such that they share aq ∈ Q in their labels,
removeq from the label of the youngest node and all its children.

5. Remove empty
Remove all nodes with empty labels.

6. Mark
For every node whose label equals the union of the labels of its children,
remove all descendants of this node and mark it.

• The acceptance conditionΩ′ = {(L1, U1), . . . , (L2n, U2n)} consists of2n accep-
tance pairs, defined as

– Li = set of all Safra trees with nodei marked
– Ui = set of all Safra trees without nodei

During the calculation of the successor with the transition functionδ′ the intermediate
tree may be not a valid Safra tree. Steps 4, 5 and 6 reestablish the required structure.

It is clearly sufficient to just generate the Safra trees as states of the DRA that are
actually reachable from the initial Safra treeq′0.

There are enough unused names New nodes in the tree can only be added in
step 2. To ensure that there are enough unused names for the new nodes, the names are
from the set{1, . . . , 2n}. As shown in Lemma 3.2.1, the original Safra tree can have
at mostn nodes and in step 2 for every node at most one child can be added. As a
consequence, the tree after step 2 can have at most2n nodes, so that there are enough
names for the nodes.
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3 Safra’s Construction

Empty tree? The Safra tree used as the initial state of the resulting deterministic
Rabin automaton has only the root node, with name1, and labeled with the initial state
of the Büchi automaton. By applying the transition function, the label of the root node
always represents the power set construction. The root node can only be deleted when
the states in the label do not have any successors for all possible inputsa ∈ Σ in the
Büchi automaton. In that case, the label after step 3 is the empty set and the root node is
deleted in step 5, resulting in the empty tree. To ensure that the resulting deterministic
Rabin automaton is complete, i.e. that for every inputa ∈ Σ there is a successor state,
the transition functionδ′ outputs the empty tree as the successor for the empty tree and
any possible input fromΣ, resulting in a loop that is not accepting.

Graphical representation The Safra trees shown in graphics of DRA are repre-
sented using a table-like tree structure, as shown in Figure 3.4. For technical reasons the
node names are from the set{0, . . . , 2n− 1} instead of from{1, . . . , 2n}.

23 +2 -3

State ID Acceptance signature

Root Node
(Safra Tree)

Node label

Node name 0 {1,2,4}

2 {2}! 1 {4}

Figure 3.4:Graphical representation of Safra trees in the states of DRA.

0 -1

0 {0}

 !a

1 -1

0 {0,1}
 a
 !a

2  

0 {0,1}

1 {1}

 a

 !a

3 +1

0 {0,1}

1 {1}!

 a

 !a

 a

Figure 3.5:The deterministic Rabin automaton generated from the automaton from Fig-
ure 3.1 a) for LTL formula♦¤ a by Safra’s construction.
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3.3 Constructing the deterministic Rabin automaton

Theorem 3.3.1.Correctness. Let A = (Q,Σ, δ, q0, F ) be a nondeterministic B̈uchi
automaton withn states andA′ = (Q′,Σ, δ′, q′0,Ω) the deterministic Rabin automaton
constructed fromA by the procedure detailed above. ThenA andA′ are equivalent, i.e.
L(A) = L(A′).

Proof. The proof consists of two steps, first showingL(A) ⊆ L(A′) and then showing
L(A′) ⊆ L(A).

L(A) ⊆ L(A′):
Let σ ∈ L(A) be an infinite word and letπ ∈ Qω be an accepting run forσ of the
nondeterministic B̈uchi automatonA. We have to show that the corresponding run
π′ ∈ Q′ω in the deterministic Rabin automatonA′ is accepting. Forπ′ to be accepting,
one of the acceptance pairs(Li, Ui) has to be satisfied, i.e. from some point on trees
from Li are visited infinitely often and no tree fromUi is visited. This means we have
to find a nodei in the Safra trees that is marked infinitely often (so the trees are included
in Li) and is never removed (so the trees will not be inUi).
Because the label of the root node always contains the state fromπ, the label of the root
node is never empty and will never be removed. So if the root node is marked infinitely
often, we are done.
Otherwise, we consider the next timeπ visits an accepting state in the NBA after the
last time the root node was marked. In step 2 of the transition function, a new child for
the root node is branched. From now on, the state ofπ is always included in one of the
labels of the children of the root node. The state fromπ can only be moved to an older
sibling, but as there are only finitely many siblings, at some point it will forever stay in
one sibling, which will therefore never be empty and not be removed. If this node is
marked infinitely many times, we are done. If not, we can apply the same argument and
will find a node at the next level that contains the state ofπ and will never be removed.
As the depth of the Safra tree is finite and bound byn, we will eventually find a node
that is marked infinitely often and will never be removed.

L(A′) ⊆ L(A):
Let σ ∈ L(A′) be an infinite word and letπ′ = π′0, π

′
1, π

′
2, · · · ∈ Q′ω be the accepting

run forσ of the deterministic Rabin automatonA′. Forπ′ to be accepting, there has to
be some noden that occurs from some point on in all Safra trees ofπ′ and is marked
infinitely often. Letx be the position such that the noden occurs in every treeπ′y, with
y ≥ x. Now letx ≤ m1,m2, . . . be the positions inπ′ where noden is marked and let
Q1, Q2, . . . be the corresponding labels of noden at these positions. Additionally, set
m0 = 0 andQ0 = {q0}.
For a node to be marked, the construction guarantees that for eachq ∈ Qj + 1, j ≥ 0,
there exists at least oneq′ ∈ Qj such that there exists a run inA over σ[mj ,mj+1)
which leads fromq′ to q and visits at least one accepting state:
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3 Safra’s Construction

Index inσ : mj i mj+1

label(n) : Qj
σ[mj ,i)−−−−→ Q′i

σ[i,mj+1)−−−−−−→ Qj+1

⊇ =
label(m) : C ′i = Qi ∩ F σ[i,mj+1)−−−−−−→ C ′mj+1

= Qj+1

Branch child Mark

Consider the simple case with only one child node: For a noden that was marked at
indexmj in input σ with labelQj to be marked again at some later pointmj+1, there
has to be an indexmj ≤ i ≤ mj+1 where a child nodem with labelC ′i was branched.
For this to happen, the labelQ′i at this point had to contain at least one accepting state
from the NBA. These runs originating in an accepting state are tracked in the child node
m. Forn to be marked at pointmj+1, the labelQj+1 and the labelCmj+1 of the child
nodem have to be the same. This allows us to construct for every state inQj+1 a path
back to a state inQj which visited at least one accepting state in between.
If the tracked runs are spread over multiple child nodes and move between them, the
situation is slightly more complex, but the same argument can be used.

Using these path segments, we now have to construct an infinite path in the NBA,
which we do by applying K̈onig’s Lemma:Any tree with infinitely many nodes, in which
every node has only finitely many offsprings, contains an infinite path.
We do this by constructing a tree, whose nodes are all pairs of the form(q, j) for q ∈ Qj .
As the parent for a node(q, j + 1) with q ∈ Qj+1, we pick a node(q′, j) with q′ ∈ Qj ,
so that there exists a run fromq′ to q. It is clear that every level of the tree has at mostn
nodes and there exist only edges between adjacent levels. Therefore every node has only
finitely many offsprings. It is also clear that every node(q, j) has a unique path from
(q0, 0) to (q, j) and therefore the tree is well formed. By König’s Lemma, there has to
be an infinite path(q0, 0), (q1, 1), (q2, 2), . . . in the tree. It follows from the design of
the tree that with theseq0, q1, q2, . . . we can construct an infinite path in the NBAA
that is accepting.

3.4 Complexity

Acceptance conditions The number of pairs in the acceptance condition of the
resulting deterministic Rabin automatonA′ is bound by2n, the number of different
node names.

States in the DRA The number of states ofA′ is bound by the number of differ-
ent Safra trees overQ, which can be demonstrated to be bound by2O(n·logn) by rep-
resenting the Safra trees as sets of functions, and by counting all the different possible
combinations to get an upper bound on the number of Safra trees:
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3.4 Complexity

1. A noden is called characteristic for a stateq ∈ Q, iff q occurs in the label ofn
but not in the labels of any of its children. For any stateq appearing in the label
of the root node, there is exactly one node in the tree which is characteristic for
q. The states not appearing in the root label have no characteristic node. This
relation can be described by the mappingQ → {1, . . . , 2n,⊥}, which can have
(2n + 1)n different values and allows the reconstruction of the labels in a Safra
tree, given its structure.

2. A mapping to determine if a node is marked or not:{1, . . . , 2n, } → {0, 1},
which can have22n different values.

3. A mapping{1, . . . , 2n} → {1, . . . , 2n, ⊥} for the parent relation between the
nodes, which can have(2n+ 1)2n different values.

4. A mapping{1, . . . , 2n} → {1, . . . , 2n, ⊥} to describe the ordering of the sibling
nodes, which can also have(2n+ 1)2n different values.

With these results, we can bound the number of Safra trees and thus the number of
states in the DRA as follows:

Q′ ≤ (2n+ 1)n · 22n · (2n+ 1)2n · (2n+ 1)2n

≤ (2n+ 1)7n

= 2log((2n+1)7n)

= 27n·log(2n+1)

∈ 2O(n·logn)

3.4.1 Optimality of Safra’s construction – A lower bound for
NBA→DRA

A lower bound – originally due to Max Michel in an unpublished manuscript – is pre-
sented in [L̈od98].

Proposition 3.4.1 ([Löd98], Section 2.2).There exists a family of languagesLn which
can be represented by nondeterministic Büchi automaton withO(n) states but which
can not be represented by a deterministic Rabin automaton with less thann! states.

Asn! ∈ 2Ω(n·logn), it follows that Safra’s construction with its2O(n·logn) upper bound
is optimal up to a constant factor in the exponent.

3.4.2 A lower bound for LTL →DRA

In [KV98] (Theorem 5.2), a lower bound for the translation from LTL to deterministic
Büchi automata is provided.
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3 Safra’s Construction

q0

q1

1

... qi

 i

... qn

 n

 1,..,n,#  1,..,n,#  1,..,n,#

Figure 3.6:The nondeterministic B̈uchi AutomatonAn representingLn.
A deterministic Rabin automaton forLn has at leastn! states.

They define a family of finite languagesLn ⊆ Σ∗, with alphabetΣ = {0,1,#,$} as
follows:

Ln = {x·#·w·#·y·$·w | x, y ∈ {0,1,#}∗, w ∈ {0,1}n}

Informally, the words inLn first consist of sequences from{0,1}∗, separated by#,
until $ is read. Then, there is a sequencew ∈ {0,1}n of lengthn that starts after
$ and this sequencew already occurred in front of the$. By [CKS81], the smallest
deterministic automaton on finite words that acceptsLn has at least22n states, as it has
to ”remember” the set of sequences{0,1}n that occurred before$.

Ignoring the technical fact that LTL and deterministic Büchi automata operate on
infinite languages,Ln can be expressed by an LTL formulaϕn:

ϕn = (¬$ U ($ ∧ X¤¬$)) ∧
♦[# ∧ (Xn+1 #) ∧

∧

1≤i≤n
((Xi 0 ∧¤($ → Xi 0)) ∨ (Xi 1 ∧¤($ → Xi 1)))]

The first part of the formula guarantees that there is exactly one occurrence of$,
while the second part guarantees the occurrence of#w# with w ∈ {0,1}n wherew is
repeated after$.

The size of the formula|ϕn| ∈ O(n2) is quadratic inn and the deterministicω-auto-
maton has, as noted before, at least22n states. Because the argumentation is independent
of the acceptance type used by the deterministicω-automaton, it is valid for determinis-
tic Büchi, Rabin and Streett automata.

So, for an LTL formulaψ, we get a lower bound for the size of a deterministic Rabin,
Streett or B̈uchi automaton forψ of

22
Ω(
√
|ψ|)

.
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4 Improving the translation

In this chapter, we will try to develop improvements for the translation from LTL and
nondeterministic B̈uchi automata to deterministicω-automata. First, we consider ways
to improve Safra’s construction by handling special cases more efficiently. Then we
investigate ways to optimize deterministic Rabin and Streett automata. Finally, we con-
sider additional approaches to the translation from LTL to deterministicω-automata,
using the relationship between∨ in LTL and the union of DRA, the duality of Rabin
and Streett automata, and the expressibility of (co-)safety properties by deterministic
Büchi automata to potentially generate smaller automata.

In Chapter 5, the performance of these optimizations will be experimentally evalu-
ated.

4.1 Optimizations during the conversion

This section presents optimizations that can be performed ”on-the-fly” during Safra’s
construction. LetA = (Q,Σ, δ, q0, F ) be the nondeterministic B̈uchi automaton used
as input in Safra’s construction.

4.1.1 NBA: True loops on accepting states

Definition 4.1.1 (Accepting states with true loops).We define the setaccTrueLoop
to be the set of accepting states of NBAA that have a transition back to themselves for
all a ∈ Σ:

accTrueLoop(A) = {q ∈ F | q ∈ δ(q, a) for all a ∈ Σ}.
If a run of the NBAA reaches a stateqF from accTrueLoop(A), it can clearly be

continued to get an infinite, accepting run: It just has to stay inqF .

From this follows that we can abort Safra’s construction any time the label of the root
node of a Safra treeT contains a stateqF ∈ accTrueLoop(A), and make the treeT
accepting and setδ′(T, a) = T for all a ∈ Σ, i.e. add atrue self loop.

This can be implemented by inserting an additional step 3’ after step 3 (Powerset) in
Safra’s construction as follows:
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4 Improving the translation

3’. Accepting true loop detection
If label(root) ∩ accTrueLoop(A) 6= ∅, pick a canonical stateqF from
accTrueLoop(A), remove all descendants of the root node, setlabel(root) = qF
and mark the root node.

By changing the tree in the this way, the normal Safra’s construction will automati-
cally generate a self loop for everya ∈ Σ and the tree will be accepting as the root node
is marked infinitely often.

Choosing a canonical representative stateqF from accTrueLoop(A) instead of, for
example, settinglabel(root) = label(root) ∩ accTrueLoop(A) ensures that there will
be only a single Safra tree generated by rule 3’ instead of potentially many.

Calculating accTrueLoop(A): The setaccTrueLoop(A) can be easily calculated by
inspecting the transitions of the accepting states in the NBAA. If the implementation
provides no direct access to the accepting states, a simple depth-first search (DFS) can
be used to calculateaccTrueLoop(A).

This optimization will be even more effective if the NBA was optimized by finding
states that are equivalent to an accepting state with a true loop and replacing them with
an accepting true loop. For example, nodesq with δ(q, a)∩accTrueLoop(A) 6= ∅ for all
a ∈ Σ can be replaced by an accepting state with atrue self loop. States in maximally
strongly connected components (SCCs) containing only accepting states with a total
transition function (i.e. for alla ∈ Σ, δ(q, a) 6= ∅) and no edges leaving the SCC can
also be replaced.

Example Consider the LTL formula♦(a ∨ ¤ b), which corresponds to the NBA in
Figure 4.1.

0  1

1

 a

2

 b

 1  b

Figure 4.1: Nondeterministic B̈uchi Automaton forL(♦(a ∨¤ b))

Safra’s construction without step 3’ creates a DRA with 22 states, with 18 states
containing the NBA state 1 in the labeling of the root node. This 18 DRA states can all
be collapsed to 1 accepting state, resulting in a DRA with 5 states (Figure 4.2).
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4.1 Optimizations during the conversion

0 -1

0 {0}

 !a&!b
1 +0 -1

0 {1}!

 a

2 -1

0 {0,2}
 !a&b

 true

 !a&!b

 a

3  

0 {0,2}

1 {2}

 !a&b

 !a&!b

 a

4 +1

0 {0,2}

1 {2}!

 !a&b
 !a&!b

 a !a&b

Figure 4.2: Deterministic Rabin Automaton forL(♦(a ∨ ¤ b)), created with Safra’s
construction and detection of accepting true loops in the NBA

4.1.2 NBA: All successors are accepting

A special case of Safra’s construction arises when all the states in a label have only
successors that are accepting in the NBA. Then a single powerset construction is suffi-
cient as we only have to track if a run is finite; the infinite runs are all accepting as no
non-accepting state in the NBA can be reached.

Safra’s construction handles this special case well by default: Iflabel(n) ∩ F =
label(n), noden will be marked and has no children (a child withlabel(n) is branched
in step 2 and deleted in step 6, markingn). If all successors oflabel(n) are also inF ,
noden will stay marked and have no children in subsequent trees or it will be deleted
when the runs it tracks are finite.

A possibility for optimization remains, as it takes an additional step in the beginning
for Safra’s construction to fall into the pattern described above.

Consider the automaton in figure 4.2. As NBA state 2 is accepting and has only itself
as successor, in DRA state 4 we see that node 1 stays marked or is deleted when the
transition to DRA state 1 is taken. But DRA state 3 has node 1 with label2 but is
unmarked. This is unnecessary and marking node 1 would merge state 3 with state 4,
resulting in a reduction of 1 state.

We now formalize the set of states that have only accepting states as successors:

succAcc(A) = {qF ∈ F | succ∗(qF ) ⊆ F}

If after the construction of a new tree with Safra’s algorithm, the label of a nodei of
the Safra tree has only states that are members ofsuccAcc(A) and is not marked, it can
be marked (and the tree will thus be placed intoLi of the acceptance condition). This
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0

 true

1 a

2
 true

4

 true

3 b

 true

 c

Figure 4.3:NBA for L(♦(a ∧ X X(b ∨¤ c)))
States 1 and 2 can be made accepting without changing the language.

can be done as an additional step after the normal Safra’s construction:

6’. Mark nodes with succAcc(A)
If for a noden is not marked andlabel(n) ∩ succAcc(A) = label(n), remove all
children ofn and markn.

To show that this does not change the language, we have to consider the two pos-
sibilities for the immediate successors of a tree that was modified this way: If, in the
immediate successor, nodei is deleted, the tree is placed into the correspondingUi and
effectively cancels the modification that was made. If on the other hand the immediate
successor still contains nodei, it will be marked aslabel(ni) ∩ F = label(ni). With-
out the modification, this tree would have been placed intoLi. As these are the only
two possible types of immediate successors, the marking of nodei does not change the
language.

Some states in the NBA can be added tosuccAcc(A) even if they are not accepting
states: A stateq in A that is not inF , but with δ(q, a) ⊆ succAcc(A) for all a ∈ Σ,
i.e. all outgoing edges go to states insuccAcc and there is no self loop back toq, can be
”made accepting” by adding it toF , without changing the language of the automaton.
This also addsq to succAcc(A) and can be repeated until there are no more states to
add toF .

For example, in figure 4.3, initially only the states 3 and 4 are insuccAcc, but state 2
and then state 1 can be made accepting, too. Only state 1 has to stay non-accepting as it
has a loop to itself.

This step does not need to be carried out separately but can be implicitly done during
the calculation ofsuccAcc:

Calculating the set succAcc

We can easily calculate the setsuccAcc(A) for a nondeterministic B̈uchi automatonA
with standard graph analysis algorithms:
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4.1 Optimizations during the conversion

1. Calculate the maximally strongly connected components (SCCs) of the automa-
tonA.

2. Calculate the directed acyclical graph (DAG) of the SCCs representing reachabil-
ity.

3. Calculate a topological ordering on the DAG of the SCCs.
4. In backward topological ordering, visit the SCCs and check:

a) If all states in the current SCC are accepting and all SCCs that are successors
of the current SCC are marked, then mark the current SCC.

b) If the current SCC contains only a single state that has no edge leading back
to itself, is not accepting and all successor SCCs are marked, then mark the
current SCC.

5. succAcc(A) = {All the states in marked SCCs.}.

It is clear that either all or none of the states in an SCC are insuccAcc(A). Visiting the
SCCs in backward topological order guarantees that it was already considered if an SCC
scc is marked to be insuccAcc(A) or not before an SCCscc′ is visited that hasscc as
successor. Step 4b) adds non-accepting states tosuccAcc if they can be made accepting
without changing the language ofA.

Calculating the setsuccAcc(A) can be done in linear time,O(|Q|+ |E|), where|E|
is the number of transitions (i.e. edges) inA.

4.1.3 Reordering the Safra tree

Safra’s construction assumes a strict ordering of the sibling nodes in Safra trees, used
in step 4 (Normalize siblings) to reestablish the requirement on Safra trees that siblings
have disjunct labels:

4. Normalize siblings
For every two sibling nodes such that they share aq ∈ Q in their labels, removeq
from the label of the youngest node and all its children.

This is used in the proof of correctness to show that while a run may move to an older
sibling, it will eventually stay in a single node, because the width of the tree is bounded
and it therefore can only move finitely many times to an older sibling.

This strict ordering is not necessary in all cases and can sometimes be relaxed to
transform Safra trees that differ only in the ordering of their nodes to a canonical repre-
sentation. This increases the chance that such a Safra tree already exists and therefore
does not need to be added as a new state to the DRA.

To deal with the labels of Safra tree nodes, we extend the definition ofsucc∗ to handle
sets of states,succ∗ : 2Q → Q :

succ∗(S) =
⋃

q∈S
succ∗(q)

35



4 Improving the translation

Definition 4.1.2 (Independent nodes).We call two siblingsn andn′ in a Safra tree
independent, if the nodes in their labels have no common successors:

succ∗(label(n)) ∩ succ∗(label(n′)) = ∅.

It is clear that step 4 of Safra’s construction will never be applied to two independent
siblings, as they will never share a common state in their labels. Therefore, the relative
order of independent siblings is irrelevant for the proof of correctness and changing it
will not change the language recognized by the DRA.

This can be used to define a canonical order on the independent siblings, which re-
duces the number of possible different Safra trees:

Definition 4.1.3 (Canonical order for independent siblings).Let< be the total order
on the siblings as defined in Safra’s construction (”older-than”) and≺ind. an arbitrary,
but fixed total order on Safra tree nodes, then we can define a new order<′ on sibling
nodesn andn′ as follows:

n <′ n′ ⇔
{
n ≺ind. n

′ if n andn′ are independant,
n < n′ otherwise.

The order≺ind. for the independent nodes can be any total order on Safra tree nodes
using the name, label and ”marked” flag of the nodes as its input variables.

To bring the Safra’s trees into the canonical form, all siblings in the tree are sorted
using a standard sorting algorithm using the order<′ at the end of the normal con-
struction. The set of reachable successorssucc∗ can be calculated using standard graph
algorithms similar to the process shown in Section 4.1.2 and independence of nodes can
then be determined easily.

4.1.4 Naming the nodes in Safra trees

New nodes in Safra trees are only created in step 2 (Branch accepting) of Safra’s con-
struction:

2. Branch accepting
For every noden with label(n)∩F 6= ∅, create a new node as the youngest child
of n labeled withlabel(n) ∩ F . The new node is named with an unused name
from {1, . . . , 2n}.

As we can choose any unused name, we have significant freedom in choosing the
name for the new node. As the set of Safra trees that are created during Safra’s construc-
tion becomes the set of states in the deterministic Rabin automaton, we are interested
in having the smallest number of different Safra trees. One way to keep the number
of different Safra trees low is to try to name new nodes in a way that the resulting tree
matches an already existing tree, thus adding no additional state to the DRA. It is clear
that this does not change the language of the resulting automaton in any way.
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4.1 Optimizations during the conversion

One way to do this is to mark the new nodes and then search for a matching tree
among the already existing trees. If no matching tree is found, the new nodes are named
as normal and a new state in the DRA is created for the tree.

This can be implemented by calculating the Safra trees the normal way, naming new
nodes temporary with a special symbol, e.g. ’*’. We simultaneously have to keep track
of the names of nodes deleted during steps 4, 5 and 6 of Safra’s construction, as they
are still in use in step 2 where the new nodes are named and can therefore not be reused.
It is clear that nodes that are created and then directly deleted again do not have to be
tracked, as we can pretend to have named them with a convenient name that is unused.

Let T∗ be a Safra tree after the steps of Safra’s construction, with new nodes marked
with ’*’ and deleted ⊆ {1, . . . , 2n} the set of names of the deleted nodes.

Possible candidates for a match must have the same structure asT∗, which can be
formalized as follows:

Definition 4.1.4 (Structural equality). We definestructural equalityas a binary rela-
tion on Safra trees≡struct with

T1 ≡structT2 ⇔ Ignoring the names of the nodes,T1 andT2 are equal.

This means that there is a bijectionf from the node set ofT1 to the node set ofT2, such
that for every noden of T1 the following holds:

1. The labels agree:label(n) = label(f(n)),
2. the marks agree:marked(n) = marked(f(n)),
3. the parents agree:f(parent(n)) = parent(f(n)),
4. for all children ofn, the children agree:f(child i(n)) = child i(f(n)).

Note thatname(n) = name(f(n)) is not required, the naming is ignored.

Definition 4.1.5 (Match). An already constructed Safra treeT and a newly constructed
treeT∗ matchif the following three conditions are met:

1. T ≡structT∗
2. For all nodesn named ’*’ in T∗, the corresponding nodef(n) in T is not named

with a name fromdeleted
3. For all nodesn not named ’*’ inT∗, the corresponding nodef(n) in T has the

same name as the node inT∗.

One way to keep track of the trees that are possible candidates for matching is to
partition the already existing trees by structural equality. This can be implemented for
example by a hash map having the structure of the trees as the key and a set (an array, a
list,. . . ) as the value, containing all trees that are structural equal. This allows efficient
access to all trees that are structural equal toT∗, which can then be checked one after
another to see if one of them matches withT∗.
If, from the existing trees, many are structurally equal, then there are many candidates
for matching and this linear search for a match among the candidates will be inefficient.
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4 Improving the translation

But as the idea of this optimization is to name new trees in a way that keeps the number
of structural equal trees low, this should hopefully not be a big problem in practice.

4.2 Optimizations on the complete automaton

The following optimizations operate on complete deterministic Rabin automata, trying
to simplify the acceptance condition and to reduce the number of states. Due to the
duality of Streett and Rabin automata they work unchanged on Streett automata.

4.2.1 Optimizing the acceptance condition

A Rabin acceptance pair(Li, Ui) may be removed from the acceptance conditionΩ of
a deterministic Rabin automaton if it can never be satisfied, for example if one of the
following conditions is met:

• Li = ∅
• Ui = Q
• Li ⊆ Ui

Sometimes a Rabin acceptance pair(Li, Ui) is redundant and can be removed:

• There exists a Rabin acceptance pair(Lj , Uj) ∈ Ω, such thatLi ⊆ Lj and
Ui ⊆ Uj

Additionally, we can remove states fromLi if they are also members ofUi.

Note As these operations are very easy to perform and simplify the acceptance
conditions a great deal, they are used for all automata discussed in this thesis, without
noting explicitly that this optimization has been performed.

4.2.2 Bisimulation

One of the standard algorithms for minimization of deterministic automata on finite
words is to calculate a simulation relation on the automaton and then build the quo-
tient automaton. There are several different notions of simulation, for deterministic
ω-automata we considerdirect bisimulation:

Definition 4.2.1 (Equivalence).LetA = (Q,Σ, δ, q0,Ω) be a deterministic Rabin au-
tomaton. Then we define an equivalence relation≡⊆ Q×Q as

q ≡ p ⇔ for all z ∈ (Σ∗ ∪ Σω) : acc(δ(q, z)) = acc(δ(p, z)).

Let [q]≡ = {p ∈ Q | p ≡ q} be theequivalence classof a stateq and
let S/≡ = {[q]≡ | q ∈ S} for a setS ⊆ Q be theset of equivalence classesfor S.
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4.2 Optimizations on the complete automaton

Definition 4.2.2 (Quotient automaton). Let ≡ be an equivalence relation on a DRA
A with acceptance conditionΩ = {(L1, U1), . . . , (Lr, Ur)} as defined above. Then we
define thequotient automatonA/≡ = (Q′,Σ, δ′, q′0,Ω

′), also a DRA, with

Q′ = Q/≡
q′0 = [q0]≡

δ′([q]≡, a) = [δ(q, a)]≡
Ω′ = {(L1/≡, U1/≡), . . . , (Lr/≡, Ur/≡)}

We have to show thatδ′ is well defined, i.e.p ≡ q ⇒ δ(p, a) ≡ δ(q, a) for p, q ∈ Q and
a ∈ Σ:

p ≡ q ⇒ acc(δ(p, z)) = acc(δ(q, z)), for all z ∈ (Σ∗ ∪ Σω)
⇒ acc(δ(p, z)) = acc(δ(q, z)), for all z = a · y, with a ∈ Σ andy ∈ (Σ∗ ∪ Σω)
⇒ acc(δ(p, a · y)) = acc(δ(q, a · y)) for all a ∈ Σ andy ∈ (Σ∗ ∪ Σω)
⇒ acc(δ(δ(p, a), y)) = acc(δ(δ(q, a), y)) for all a ∈ Σ andy ∈ (Σ∗ ∪ Σω)
⇒ δ(p, a) ≡ δ(q, a) for all a ∈ Σ.

Proposition 4.2.1. The language of the quotient automatonA/≡ and the language of
the original automatonA are the same,L(A/≡) = L(A).

Proof. By using the empty wordz = ε ∈ Σ∗ in Definition 4.2.1, it follows directly that
if q ≡ p, then the acceptance signaturesacc(q) = acc(p) are the same.

The acceptance condition of the quotient automaton consists of pairs(Li/≡, Ui/≡),
therefore a state[q]≡ of the quotient automaton is inLi/≡ iff q ∈ Li and[q]≡ ∈ Ui/≡
iff q∈ Ui. It is easy to see thatacc(q) = acc([q]≡).

Let σ ∈ Σω be an infinite word and letπ = π1, π2, . . . be the run of automaton
A for σ. We defined the quotient automaton so that the run ofA/≡ for σ is π′ =
[π1]≡, [π2]≡, . . . . Sinceacc(πi) = acc([πi]≡), the two runsπ andπ′ visit exactly the
same acceptance pairs at the same time and are therefore either both accepting or both
rejecting,σ ∈ L(A) ⇔ σ ∈ L(A/≡).

To calculate≡, we start with a relationP0 of Q by grouping all states that have the
same acceptance signature:

P0 = {(q, p) ∈ Q×Q | acc(q) = acc(p)}
It is clear thatP0 ⊇≡, i.e. there may be pairs(q, p) ∈ P0 that are not equivalent (q 6≡ p).
We iteratively refine the relationsPi to get a relationPi+1 until there are no more pairs
with q 6≡ p:

P0 ⊇ P1 ⊇ P2 ⊇ · · · ⊇ Pn =≡
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4 Improving the translation

To do this, we need to identify the states that are not equivalent. The following lemma
provides a criterion we can work with:

Lemma 4.2.2.p 6≡ q ⇔ ∃ a ∈ (Σ ∪ {ε}) : δ(p, a) 6≡ δ(q, a)

Proof. ”⇐”: Follows directly from the definition of≡ by usingz = a.
”⇒”: Let x ∈ Σ∗ be the shortest string withacc(δ(p, x)) 6= acc(δ(q, x)). If x = ε, we
are done. Otherwise, leta be the first letter ofx : x = a·y, with a ∈ Σ andy ∈ Σ∗. Let
p′ = δ(p, a) andq′ = δ(q, a). Becauseδ(p, a·y) = δ(p′, y) andδ(q, a·y) = δ(q′, y), it
is clear thatacc(δ(p′, y)) 6= acc(δ(q′, y)) and thereforep′ 6≡ q′.

With this lemma, we can refine our relations untilPi+1 = Pi, i.e. there are no more
statesp ≡i q with ana ∈ Σ so thatδ(p, a) 6≡i δ(q, a), with p ≡i q ⇔ (p, q) ∈ Pi :

Pi+1 = {(p, q) ∈ Q×Q | (p, q) ∈ Pi and(δ(p, a), δ(q, a)) ∈ Pi for all a ∈ Σ}

If the automatonA hasn states, it is guaranteed thatPn = Pn+1, i.e. we need at most
n iterations: Every timePi ⊇ Pi+1, there is at least one new equivalence class inPi+1

and therefore aftern iterations wherePi 6= Pi+1, every equivalence class[q]≡n has one
single member,[q]≡n={q} and cannot be refined further.

Example

Figure 4.4 shows an example for bisimulation for the (randomly generated) LTL formula
ϕ = (♦((X X a) Ua)) V¬a.

0  

1 +0
 !a

2 -0

 a

3 +0 !a

4 +0 a

 true

 !a

 a

 true

a) DRA before bisimulation

0  

1 +0
 !a

2 -0

 a

 true

 true

b) DRA after bisimulation

Figure 4.4:Example of bisimulation for formulaϕ = (♦((X Xa) Ua)) V¬a.
States 1, 3 and 4 in automaton a) bisimulate each other and can be merged
to form state 1 in automaton b).

Analysis

For deterministic automata on finite words or for Büchi automata, the initial partition
has only two equivalence classes, the states inF and the states not inF . For a DRAA
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the initial partition will be much finer, it has as many equivalence classes as there are
different acceptance signatures for the states ofA. If A hask accepting pairs, there may
be as much as3k different initial equivalence classes. As the number of equivalence
classes in the initial partition is a lower bound on the number of states in the quotient
automaton, it is clear that for DRA the possible minimization will be generally less
successful than for the automata with ”easier” acceptance condition.

Another problem is the need for strict equality of the acceptance signatures in the
definition of equivalence, i.e. the requirement ofdirectbisimulation. Consider the DRA
in Figure 3.5 on page 26, showing the DRA generated forϕ = ♦¤ a. The states 1,
2 and 3 are all equivalent and could be merged (replacing 1 and 2 by state 3), but our
bisimulation reduction algorithm can do nothing as the acceptance signatures for the
states are different.

For Büchi automata, several other, more powerful notions likefair or delayedsimu-
lation have been proposed (e.g. [EWS01]), but it has to be ensured that the simulation
quotient preserves the language of the automaton to be useful in reducing the automaton
size. If similar approaches can work for deterministic Rabin or Streett automata remains
to be seen.
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4.3 Union of DRA

If the LTL formulaϕ that needs to be translated has the formϕ = (ϕ1) ∨ (ϕ2), i.e. the
operator on the top of the syntax tree is the logical disjunction, we can construct two
deterministic Rabin automataDRAϕ1 andDRAϕ2 for the two subformulasϕ1 andϕ2

and construct a DRA forϕ by creating the unionDRAϕ∨ϕ2 = DRAϕ1 ∪DRAϕ2 of the
two automata.

The generated union DRA might be smaller than a DRA generated for the whole
formula as the subformulas are shorter and probably simpler, which can lead to smaller
NBA and DRA for the subformulas.

Definition 4.3.1 (Union of two DRA).
Let DRA1 = (Q1,Σ, δ1, q10,Ω1) andDRA2 = (Q2,Σ, δ2, q20,Ω2) be two deterministic
Rabin automata over the same alphabetΣ, with Ω1 = {(L1

1, U
1
1 ), . . . , (L1

r1 , U
1
r1)} and

Ω2 = {(L2
1, U

2
1 ), . . . , (L2

r2 , U
2
r2)} as acceptance conditions.

Then we define the unionDRADRA1 ∪DRA2 = (Q′,Σ, δ′, q′0,Ω
′) as follows:

• Q′ = Q1 ×Q2

• q′0 = (q10, q
2
0)

• Fora ∈ Σ, q′ = (q1, q2) ∈ Q′ define
δ′(q′, a) = (δ1(q1, a), δ2(q2, a))

• Ω′ = {(L′1, U ′1), . . . , (L′r1 , U ′r1)} ∪ {(L′′1, U ′′1 ), . . . , (L′′r2 , U
′′
r2)}, with

– L′i = L1
i ×Q2,

U ′i = U1
i ×Q2.

– L′′i = Q1 × L2
i ,

U ′′i = Q1 × U2
j .

be the acceptance condition.

The basic idea is to generate the product automaton of the two DRA, as this allows
them to ”run in parallel”. The states of the union DRA are 2-tuples, the first component
being the state fromDRA1, the second component the state fromDRA2. The transi-
tion functionδ′ appliesδ1 from the first DRA to the first component, andδ2 from the
second DRA to the second component. The start states from the two DRA become the
components in the start tuple for the union DRA.

The interesting part is the acceptance condition. The acceptance pairs from the first
DRA are extended with all states from the second DRA and therefore ”care” only for
the first component. So, an acceptance pair that came from the first automaton will be
satisfied iff the run of the first component of the product automaton would be accepting
in DRA1 . The same is done with the acceptance pairs of the second automaton. With
the semantics of the Rabin acceptance condition that a run is accepting iff one of the ac-
ceptance pairs is satisfied, the union DRA will be accepting iff there exists an accepting
run inDRA1 or in DRA2 :

L(DRADRA1 ∪DRA2) = L(DRA1) ∪ L(DRA2).
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4.3 Union of DRA

It is clearly sufficient to only generate the states reachable by(q01 , q02) instead of
creating the full Cartesian productQ1 ×Q2 for the states of the union DRA.

Size of the union DRA. If DRA1 has|Q1| = n1 states,DRA2 has|Q2| = n2

states, then the unionDRADRA1 ∪DRA2 has at mostn1 ∗ n2 states. The number of
acceptance pairs of the union DRA isr′ = r1 +r2, the sum of the number of acceptance
pairs ofDRA1 andDRA2. As a lower bound, the union DRA has at leastmax (n1, n2)
states.

Accepting true loop. We can adapt the technique from Section 4.1.1 to abort the
construction of the product automaton once a stateq with a true self loop is reached
in either the first or the second DRA, that isaccepting, i.e. is member of at least one
Li and notUi. All runs in a DRA visiting this state are clearly accepting, therefore
the corresponding run in the union DRA will also be accepting and we can short cut
the product automaton generation by just generating an accepting state with atrue self
loop.

Intersection for Streett automata. Due to the duality of the Rabin and Streett
acceptance conditions, if we apply the union construction for DRA on two DSA, we get
the intersection of the two DSA.

Intersection for Rabin automata (Union for Streett). A similar approach
for the logical conjunction∧ by generating the intersection of two DRA is more com-
plicated, it would haver1 · r2 acceptance pairs in the intersection automaton, one for
every 2-tuple consisting of one acceptance pair from the first and one from the sec-
ond automaton. Additionally, in the states of the intersection automaton, the status of
each acceptance condition in the two automata would have to be tracked, as it is e.g.
not guaranteed that both automata become accepting at the same time in the product
automaton.

Example

Figure 4.5 shows the union construction for the LTL formula(♦¤ a) ∨ (¤ b). Without
the union construction, the resulting DRA has 11 states and 2 acceptance pairs, the union
construction reduces the number of states to 7.

On the other hand, it is clear that for other formulas the LTL→NBA translation step
used on the complete formula instead of on the two subformulas can detect and remove
redundancies, which can lead to a smaller NBA and DRA than using the union construc-
tion.

For example, consider the formulaϕ = (♦¤ a)︸ ︷︷ ︸
ϕ1

∨ ((♦ a) ∧¤((a → Xb) ∧ (b → a ∧ X a)))︸ ︷︷ ︸
ϕ2

.

AsL(ϕ2) ⊂ L(ϕ1),ϕ2 is redundant and a smart LTL→NBA translator could detect this
redundancy and return a (small) NBA just forϕ1, while the union construction has two
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4 Improving the translation

generate the product automaton for the two DRA forϕ1 andϕ2.

4.4 Generating Rabin or Streett automata

Some applications need a translation from LTL formulas to deterministicω-automata,
but do not particularly care if the automaton is a Rabin or a Streett automaton, only that
the automaton has as few states as possible. As we have seen in Section 2.6.1, for some
languages Streett automata can be exponentially more compact than Rabin automata,
so this flexibility can have huge benefits. But even in the case where the difference is
smaller, if we create both a Streett automaton and a Rabin automaton for a formulaψ
and return the smaller automaton, only in the case where both automata have exactly the
same size we will get no smaller automaton.

To actually construct Streett automata, we exploit the duality of Rabin and Streett
automata (Section 2.6.1) and use a trick often used in traditional LTL model checking:
There, if we want to verify that a property expressed as an LTL formulaψ is satisfied
by a transition systemT , we need a nondeterministic Büchi automaton with language
L(ψ) and check that the intersectionT ∩L(ψ) = ∅, i.e. is empty. Instead of generating
a nondeterministic B̈uchi automaton forL(ψ) and then complementing it to getL(ψ),
which is computationally difficult, it is much easier to perform the complementation on
the syntactic level of LTL and generate the NBA for¬ψ, asL(¬ψ) = L(ψ).

So, to construct a deterministic Streett automaton for a formulaψ using Safra’s con-
struction, we first create a deterministic Rabin automaton for¬ψ and then regard it as a
Streett automaton, thereby complementing the accepted language:

¬ ψ Safra’s construction−−−−−−−−−−→ DRA(L(¬ψ))
regard as Streett−−−−−−−−−−→

=complementation
DSA(L(ψ)).

Example

Here are the sizes of DRA and DSA constructed for two strong fairness formulas:

DRA DSA DRA DSA

Formula (opt.) (opt.)

(¤♦ a) → (¤♦ b) 61 7 12 7

((¤ ♦ a) → (¤ ♦ b)) ∧ ((¤♦ c) → (¤♦ d)) 67051 298 18526 49

The first two values are the number of states using the standard Safra’s construction,
the last two values are the number of states when the optimization techniques developed
in this chapter were used. For example, the union construction is responsible for reduc-
ing the size of the DRA for the first formula (the implicationϕ1 → ϕ2 can be regarded
as(¬ϕ1) ∨ ϕ2).
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4 Improving the translation

4.5 (Co-)Safety formulas and deterministic automata

As seen in Section 2.7.1, for safety and co-safety languages deterministic Büchi au-
tomata are expressive enough. For some LTL formulas representing safety and co-safety
formulas, the corresponding deterministic Büchi automaton can be generated directly,
i.e. without using Safra’s construction.

Letϕsafe be a safety LTL formula. Asbadpref (L(ϕsafe)) is a subset ofΣ∗, and there-
fore consists of finite words, it can be recognized by an automaton on finite words, either
nondeterministic (NFA) or deterministic (DFA). In the finite case, the determinization
of NFA to DFA is performed by a simple powerset construction, with a worst-case ex-
ponential blowup. This DFA can then easily be extended to a deterministic Büchi au-
tomatonADBA

pref (ϕsafe) which recognizesL(ϕsafe) = L(¬ϕsafe).

[KV99] propose an algorithm that can construct NFA with2O(|ψ|) states for the bad
prefixes of a subset of safety formulas, resulting in DFA with22O(|ψ|)

states. This al-
gorithm was improved by Timo Latvala [Lat02] to generate smaller-than-worst-case
automata more often. He also provides an implementation,scheck 1.

As we have seen in Section 2.8.1, we can easily create an equivalent DRA or DSA for
a deterministic B̈uchi automaton. This provides the efficient complementation we need
to convert the automata recognizing the bad prefixes ofL(ψ) to automata recognizing
L(ψ). We get the following procedures for calculating a DRA for a safety LTL formula
ϕsafe:

ϕsafe −−→ ADBA
pref (ϕsafe)

Büchi to Streett−−−−−−−−→
Ω={(Q,F )}

DSA
regard as Rabin−−−−−−−−−−→

=complementation
DRA

‖ ‖ ‖ ‖
L(ϕsafe) L(ϕsafe) L(ϕsafe) L(ϕsafe)

And for a co-safety LTL formulaϕco-safe, because the negation¬ϕco-safe is a safety
formula:

¬ϕco-safe −−→ ADBA
pref (¬ϕco-safe)

Büchi to Rabin−−−−−−−−→
Ω={(F,∅)}

DRA(L(ϕco-safe))

‖ ‖ ‖
L(ϕco-safe) L(¬ϕco-safe) L(ϕco-safe)

= L(ϕco-safe)

1http://www.tcs.hut.fi/˜timo/scheck/
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4.5 (Co-)Safety formulas and deterministic automata

Lower bound To establish a lower bound for the translation from safety formulas
to DBA, the language used for establishing a lower bound for the conversion from LTL
to deterministicω-automata in Section 3.4.2 can be reused, as it is a safety language and

therefore the same lower bound of22Ω(
√
|ψ|)

applies.

Checking if an LTL formula is (co)-safe

The first challenge is to decide if an LTL formulaψ is actually a safety or co-safety
formula. This is unfortunately a PSPACE-complete problem [Sis94]2. As a partial
solution, we can consider formulas that only use a certain fragment of the LTL syntax
that can only express safety languages: An LTL formulaϕ is calledsyntactically safe
iff in positive normal form (PNF) the only temporal operators areV (Release) andX
(Nextstep). It follows that an LTL formula issyntactically co-safeiff in PNF the only
temporal operators areU (Until) andX (Nextstep). Formulas that have onlyX (Nextstep)
as temporal operator are syntactically safe and co-safe at the same time.

Informativeness

Generally, LTL safety formulas are difficult to handle, so the algorithms in [KV99]
and [Lat02] generate finite automata only for a ”well-behaved” subset of LTL safety
formulas. For these formulas, it is easy to see why a given computation violates the
formula. This concept is formalized by the concept ofinformative prefixes:

Definition 4.5.1 (Informativeness).[Lat02]
Let ψ be an LTL formula in PNF andσ = σ0, σ1, . . . , σn a finite word, thenσ is called
informativefor ψ iff there exists a mappingL : {0, . . . , n+ 1} → 2cl(¬ψ) such that the
following conditions hold:

• ¬ψ ∈ L(0)
• L(n+ 1) is empty
• for all 0 ≤ i ≤ n andϕ ∈ L(i) the following hold

– If ϕ is a propositional assertion, it is satisfied byσi.
– If ϕ = ϕ1 ∨ ϕ2 thenϕ1 ∈ L(i) orϕ2 ∈ L(i).
– If ϕ = ϕ1 ∧ ϕ2 thenϕ1 ∈ L(i) andϕ2 ∈ L(i).
– If ϕ = Xϕ1, thenϕ1 ∈ L(i+ 1).
– If ϕ = ϕ1 Uϕ2, thenϕ2 ∈ L(i) or [ϕ1 ∈ L(i) andϕ1 Uϕ2 ∈ L(i+ 1)].
– If ϕ = ϕ1 Vϕ2, thenϕ2 ∈ L(i) and[ϕ1 ∈ L(i) orϕ1 Vϕ2 ∈ L(i+ 1)].

For example [KV99], the finite computationσ = {p}·∅ is informative for¤ p, be-
cause there exists the mappingLwithL(0) = {¬¤ p},L(1) = {¬¤ p,¬p},L(2) = ∅.

2PSPACE-hardness can be shown by reducing LTL validity to safety checking: Any LTL formulaϕ is
valid iff the formulaψ = ϕ∨♦ p is a safety formula (withp an atomic proposition not occurring inϕ),
becauseψ ≡ true iff ϕ is valid, andtrue is a safety formula.
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4 Improving the translation

But for the equivalent formulaψ = ¤(p ∨ (Xp ∧ X¬p)), σ is not informative, but
σ′ = {p}·∅·∅ would be.

Definition 4.5.2. With the notion of informativeness, we can group LTL formulas as
follows:

• A safety formulaψ is intentionallysafe iff all the bad prefixes forψ are informa-
tive.

• A safety formulaψ is accidentallysafe iff every computation that violatesψ has
an informative bad prefix.

• A safety formulaψ is pathologicallysafe if there is a computation that violatesψ
and has no informative bad prefix.

Proposition 4.5.1. ([KV99], Theorem 5.6) To decide whether a given formulaψ is
pathologically safe is PSPACE-complete.

Proposition 4.5.2.([KV99], Theorem 5.3) A syntactically safe formulaψ is guaranteed
to be intentionally or accidentally safe.

Automata for informative prefixes

The general idea of [KV99] and [Lat02] is to generate a nondeterministic finite automa-
tonAfin

inf (¬ψ) for the informative bad prefixesof ψ instead of for all the bad prefixes.

For intentionally safe formulasψ, it follows directly from the definition that
L(Afin

inf (¬ψ)) = badpref (ψ), because all bad prefixes are informative.

For accidentally safe formulasψ, L(Afin
inf (¬ψ)) ⊆ badpref (ψ), because not every

bad prefix is informative. But every computation violatingψ has at least one informative
bad prefix, and thereforeL(Afin

inf (¬ψ)) = L(¬ψ), which is sufficient for our purposes.

It is clear that pathologically safe formulas can not be used with the automata for the
informative bad prefixes.

We first define two constructions that help to formalize the algorithm.

Definition 4.5.3 (Restricted closure).[Lat02] The restricted closurercl(ψ) of a for-
mulaψ is defined as the smallest set with the following properties:

• All temporal subformulasϕ ∈ cl(ψ) belong torcl(ψ).
• If a formulaXϕ belongs torcl(ψ) thenϕ ∈ rcl(ψ).
• If rcl(ψ) would be empty after application of the two rules above (no temporal

operators inψ), ψ is in rcl(ψ).

The restricted closurercl(ψ) contains all subformulas that are not purely local and have
to be tracked over multiple states. For the special case whereψ does not contain tem-
poral operators, the third rule ensures thatrcl(ψ) is not empty by settingrcl(ψ) = ψ.
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4.5 (Co-)Safety formulas and deterministic automata

Definition 4.5.4. [Lat02] Let S be a subset ofcl(ψ). Then we definesat(ϕ, S) as
follows:

• sat(true, S) = true.
• sat(false, S) = false.
• sat(ϕ, S) = true if ϕ ∈ S.
• ϕ = ϕ1 ∨ ϕ2 : sat(ϕ, S) = true if sat(ϕ1, S) or sat(ϕ2, S).
• ϕ = ϕ1 ∧ ϕ2 : sat(ϕ, S) = true if sat(ϕ1, S) andsat(ϕ2, S).
• Otherwisesat(ϕ, S) = false.

sat(ϕ, S) allows us to handle the propositional logic subformulas without adding them
to rcl(ϕ).

The basic idea for the algorithm is to use the elements of2rcl(ψ) as the states of the
NFA and, starting with the empty set, generate the preceding states. For example, if a
stateS contains a subformulaϕ, then the preceding stateS′ will containXϕ. All states
containing the formulaψ, for which the automaton is generated, will be start states.

Algorithm Generate Informative Prefix Automaton
Input: A formulaψ in positive normal form.
Output: A nondeterministic finite automatonAfin

inf (ψ) = (Q,Σ, δ,Q0, F ).
1. Σ := 2AP ;
2. F := {∅};
3. Q := {∅}; (∗ The set of states∗)
4. X := {∅}; (∗ The set of unprocessed states∗)
5. while (X 6= ∅) do
6. S := ”some set inX”; X := X \ {S};
7. for eachσ ∈ 2AP do
8. S′ := σ; (∗ The set of subformulas true in predecessor∗)
9. for eachϕ ∈ rcl(ψ) in increasing subformula orderdo
10. (∗ The cases∨ and∧ are used only whenψ contains no temporal opera-

tors.∗)
11. if ϕ = ψ1 ∨ ψ2 then
12. if sat(ψ1, S

′) or sat(ψ2, S
′) then S′ := S′ ∪ {ϕ}

13. if ϕ = ψ1 ∧ ψ2 then
14. if sat(ψ1, S

′) andsat(ψ2, S
′) then S′ := S′ ∪ {ϕ}

15. if ϕ = Xψ1 then
16. if sat(ψ1, S) then S′ := S′ ∪ {ϕ}
17. (∗ ψ1 true now→ Xψ1 true in predecessor∗)
18. if ϕ = ψ1 U ψ2 then
19. if sat(ψ2, S

′) or (sat(ψ1, S
′) andϕ ∈ S) then S′ := S′ ∪ {ϕ}

20. if ϕ = ψ1 V ψ2 then
21. if sat(ψ2, S

′) and (sat(ψ1, S
′) orϕ ∈ S) then S′ := S′ ∪ {ϕ}

22. if σ /∈ rcl(ψ) then S′ := S′ \ {σ};
23. od
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24. if sat(ψ, S′) then Q0 := Q0 ∪ {S′};
25. δ := δ ∪ {(S′, σ, S)};
26. X := X ∪ {S′}; Q := Q ∪ {S′};
27. od
28. od

Proposition 4.5.3. ([Lat02], Theorem 34) Letψ be a safety formula. Given the negated
formula¬ψ as input, the algorithm will generate a nondeterministic finite automaton
Afin

inf (¬ψ) recognizing the informative bad prefixes ofψ.

It is easy to see from the construction that the resulting NFA will have at most
2|rcl(¬ψ)| states, and an equivalent DFA or DBA withO(22|rcl(¬ψ)|

) states can be cre-
ated as explained earlier.

The tool scheck

In scheck , the algorithm for the computation of the informative bad prefix automaton
is implemented. As input, it expects a co-safety LTL formulaψ and generates a deter-
ministic Büchi automatonAscheck (ψ) with L(Ascheck (ψ)) = L(ψ). It can optionally
perform a Hopcroft-style simulation reduction on the DFA.

Therefore, we have the following constructions available:

• For a safety LTL formulaψ:

– for Rabin:Ascheck (¬ψ) Büchi to Streett−−−−−−−−→ AStreett(¬ψ)
regard as Rabin−−−−−−−−→ ARabin(ψ)

– for Streett:Ascheck (¬ψ) Büchi to Rabin−−−−−−−−→ ARabin(¬ψ)
regard as Streett−−−−−−−−→ AStreett(ψ)

• For a co-safety LTL formulaψ:

– for Rabin:Ascheck (ψ) Büchi to Rabin−−−−−−−−→ ARabin(ψ)
– for Streett:Ascheck (ψ) Büchi to Streett−−−−−−−−→ AStreett(ψ)
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Safra’s construction and the optimizations detailed in Chapter 4 were implemented in
the tool ltl2dstar 1 (LTL to deterministicStreett and Rabin automata), allowing
a translation from LTL formulas to deterministic Rabin or Streett automata. It uses
external LTL→NBA translators for the translation from LTL to NBA.

In this chapter, first the general structure ofltl2dstar and the testing done with
the lbtt testbench is described. The next part presents the experimental results of the
performance ofltl2dstar for a set of benchmark LTL formulas. Finally, a compari-
son of different LTL→NBA translators as used withltl2dstar is presented.

5.1 Structure of ltl2dstar

The basic building blocks used byltl2dstar for constructing the automata are:

• Safra:
Generate a deterministic Rabin automaton for an LTL formula by creating an
NBA with an external LTL→NBA translator and then applying Safra’s construc-
tion on the NBA.

• Scheck:
If the formula is syntactically (co-)safe, construct a deterministic Büchi automa-
ton with the external toolscheck (Section 4.5) and convert it to a DRA.

• Union:
If the formula has the form(ϕ1) ∨ (ϕ2), we construct DRA forϕ1 andϕ2 and
create the union of the two automata (Section 4.3).

These basic blocks can be combined to get more complex blocks:

• Rabin:
Generate a DRA withSafra, Scheckor Union.

• Streett:
Generate a DRA withRabin for the negated formula, and then consider it as a
Streett automaton (Section 4.4).

• Deterministic ω-automaton:
If the user accepts both DRA and DSA, generate both a DRA withRabin and a
DSA with Streett and return the smaller automaton. If the user wants only DRA
or only DSA, generate this automaton.

1http://www.ltl2dstar.de/
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Deterministic
omega-Automaton

Rabin Streett

Scheck Safra Union Rabin
(for negated formula)

Rabin Rabin

... ... ... ... 

Safra Union

Rabin Rabin

... ... ... ...

Figure 5.1:Tree for the different construction possibilities

Dashed line: Only if formula is syntactically (co-)safe.
Dotted line: Only if the LTL formula has∨ as top-level operator.

These blocks form a tree of possible constructions, as shown in Figure 5.1. When
we have the choice between multiple automata, for example between the automata gen-
erated byScheck, Union andSafra in Rabin, we chose the smallest automaton of the
generated automata. This way, we get the smallest possible (with these constructions)
automaton as the final result.

Limiting If one of the constructions generates a small automaton, but another con-
struction generates a significantly larger automaton, we have to wait for the second
construction to finish if we want to generate all possible automata. If we only need the
smallest, we can abort the second construction as soon as it is clear that its automaton
will be larger than the already existing automaton. As long as we do not use optimiza-
tions which operate on the automaton after it is fully generated (e.g. bisimulation), we
can abort the second construction as soon as the size of the generated automaton is su-
perior to the already existing automaton. For theUnion construction, when one of the
two DRA is bigger than the already existing smallest DRA, we can abort theUnion
construction, as the union automaton will be at least as big as the smallest of the two
DRA for the subformulas.

If we use optimizations on the complete automaton, we cannot abort directly, as the
optimization might ultimately result in a smaller automaton than the existing one. If a
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heuristic approach is acceptable, we can set a limit that is larger than the sizen of the
existing automaton (α · n, for example2n or 10n) to allow for the possibility that the
optimization might shrink the automaton to1α of the original size.

Limiting the construction of the automata like this is obviously sensitive to the order
in which the different constructions are carried out. If the construction generating the
largest automaton is used first, we still have to wait for it to finish. Unfortunately, there
is no general optimal order for the constructions: For example, if for formulaψ the
Rabin construction results in a smaller automaton thanStreett, for the formula¬ψ the
situation is exactly reversed.

As a heuristic for a good ordering, we can consider the size of the NBA used for the
different blocks and start with the construction having the smaller NBA.

5.2 Testing with lbtt

lbtt 2 is a testbench for LTL→NBA translators by Heikki Tauriainen [Tau00]. It pro-
vides empirical testing of LTL→NBA translators by randomly generating LTL formulas
with multiple translators and comparing the generated nondeterministic Büchi automata.
Ideally, for two translatorst1, t2 and a formulaψ, it would check thatL(NBAt1(ψ)) =
L(NBAt2(ψ)). The check for language equality is computationally expensive, so it
verifies thatL(NBAt1(ψ)) ∩ L(NBAt2(¬ψ)) = ∅ instead, which is simpler to check
(generate intersection automaton and perform emptiness check) but will not detect every
single error.

As the tool was designed to check nondeterministic Büchi automata and is not capable
of handling DRA or DSA directly, the DRA and DSA have to be translated to nonde-
terministic B̈uchi automata, which can be done using the procedures in 2.8.2 and 2.8.3.
This allows theltl2dstar tool to be used as just another LTL→NBA translator, as
shown in Figure 5.2.

During the implementation ofltl2dstar , testing withlbtt was very valuable
and lead to the discovery of several bugs.

5.3 Benchmarks

To analyze the performance ofltl2dstar and the proposed optimizations, we have
to choose a set of LTL formulas to use, preferably formulas that are representative of
formulas often used in practice or that represent interesting difficult cases. We will
use some formulas that were used in the evaluation of LTL→NBA translators, some
formulas representing often used patterns and random formulas.

2http://www.tcs.hut.fi/Software/lbtt/
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                ltl2dstar

LTL

Scheck
for (co−)safety

Nondeterministic
 Büchi Automaton

Deterministic
 Büchi

(for (co−)safety
 formulas)

Deterministic
 Rabin Automaton

Safra’s algorithm

Deterministic
 Streett Automaton

Nondetermistic
Büchi Automaton

Figure 5.2:The use ofltl2dstar as an LTL→NBA translator, with automaton types.

5.3.1 The formulas from [SB00] and [EH00]

[EH00] presents 12 formulas, [SB00] presents 27 formulas to evaluate the performance
of their LTL→NBA translators, shown in Table 5.1 and in Table 5.2 .

p U(q ∧¤ r) p U(q ∧ X(r U s))

p U(q ∧ X(r ∧ (♦(s ∧ X(♦(t ∧ X(♦ u ∧ X♦ v))))))) ♦(p ∧ X¤ q)

♦(p ∧ X(q ∧ X(♦ r))) ♦(p ∧ X(p U r))

(♦¤ q) ∨ (♦¤ p) ¤(p → (q U r))

♦(p ∧ X♦(q ∧ X♦(r ∧ X♦ s))) ¤♦p ∧¤♦q ∧¤♦r ∧¤♦s ∧¤♦t

(p Uq U r) ∨ (q U r U p) ∨ (r Up U q) ¤(p → (q U(¤r ∨¤s)))

Table 5.1:The 12 formulas from [EH00]

5.3.2 Patterns for specifications

In [DAC99] Dwyer, Avrunin and Corbett propose a system of patterns for specifying
properties3 in LTL and other formalisms. Their research indicates that many of the
specifications used in practice can be classified as instances of one of their patterns.

The patterns consist ofOccurrence Patterns(Absence, Universality, Existence, Bounded
Existence) that are concerned with the occurrence of a given state in the system andOr-

3http://patterns.projects.cis.ksu.edu/
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p Uq p U (q U r)

¬(p U (q U r)) (¤♦ p) → (¤♦ q)

(♦ p) U (¤ q) (¤ p) U q

¬(♦♦ p ↔ ♦ p) ¬(¤♦ p → ¤♦ q)

¬(¤♦ p ↔ ¤♦ q) p V (p ∨ q)

((Xp) U (Xq)) ∨ ¬ X(p U q) ((Xp) U q) ∨ ¬ X(p U (p ∧ q))

¤(p → ♦ q) ∧ (((X p) Uq) ∨ ¬ X(p U (p ∧ q))) ¤(p → ♦ q) ∧ (((Xp) U (Xq)) ∨ ¬ X(p Uq))

¤(p → ♦ q) ¬¤(p → X(q V r))

¬((¤♦ p) ∨ ♦¤ q) ¤(♦ p ∧ ♦ q)

♦ p ∧ ♦¬p ((Xq) ∧ r) V X(((s Up) V r) U(s V r))

(¤(q ∨¤♦ p) ∧¤(r ∨¤♦¬p)) ∨¤ q ∨¤ r (¤(q ∨ ♦¤ p) ∧¤(r ∨ ♦¤¬p)) ∨¤ q ∨¤ r

¬((¤(q ∨¤♦ p) ∧¤(r ∨¤♦¬p)) ∨¤ q ∨¤ r) ¬((¤(q ∨ ♦¤ p) ∧¤(r ∨ ♦¤¬p)) ∨¤ q ∨¤ r)

¤(q ∨ X¤ p) ∧¤(r ∨ X¤¬p) ¤(q ∨ (X(p ∧ X¬p)))

(p Up) ∨ (q Up)

Table 5.2:The 27 formulas from [SB00]

der Patterns(Precedence, Response, Precedence Chain, Response Chain) that are con-
cerned with the relative order of states. Some of these patterns can be further modified
by giving additional constraints.

The 11 instances of the patterns that were used are shown in Table 5.3.

Each of the patterns is modified byScope(Global, Before R, After Q, Between Q and
R, After Q until R), which specifies the duration of the pattern specification.

Each pattern combined with a scope leads to one LTL formula, for example theAbs-
cencepattern withGlobal scope can be expressed in LTL with the formulaϕ = ¤¬p,
and theUniversalitypattern with scopeAfter Qwith the formulaϕ = ¤(q → ¤ p).

Therefore, these 11 patterns with the 5 different scopes lead to 55 LTL formulas4 that
can be used in benchmarking and should cover many interesting properties.

5.3.3 Random formulas

The lbtt testbench was used to generate a set of 100 and a set of 1000 random formu-
las.

The parameters for the random formula generator were as follows, producing LTL

4The LTL formulas were taken from
http://patterns.projects.cis.ksu.edu/documentation/patterns/ltl.
shtml
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Pattern Description

Abscence P is false

Universality P is true

Existence P becomes true

Bounded Existence (2) P becomes true at most 2 times

Precedence S precedes P

Response S responds to P

Precedence Chain (2-1) S, T precedes P (2 cause - 1 effect)

Precedence Chain (1-2) P precedes (S, T) (1 cause - 2 effects)

Response Chain (2-1) P responds to S,T (2 stimuli - 1 effect)

Response Chain (1-2) S,T responds to P (1 stimulus - 2 effects)

Constrained Response (1-2)S,T without Z responds to P (1 stimulus - 2 effects)

Table 5.3:The patterns

formulas with a size between 6 and 12 and at most 4 atomic propositions:

FormulaOptions {
Size = 6...12
Propositions = 4
PropositionPriority = 90
TruePriority = 5
FalsePriority = 5
DefaultOperatorPriority = 0
NotPriority = 15
NextPriority = 10
FinallyPriority = 5
GloballyPriority = 5
AndPriority = 10
OrPriority = 10
ImplicationPriority = 5
EquivalencePriority = 5
UntilPriority = 10
ReleasePriority = 10
... }
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5.4 Experimental results

In this section, we will take a look at the practical performance of Safra’s construction
as implemented inltl2dstar for our benchmark formulas and consider the effect
of the different optimizations introduced in Chapter 4. At first, we will consider the
optimizations separately and later consider the optimizations in combination and take
a detailed look at the size of DRA and DRA for the individual formulas from [SB00],
[EH00] and for the pattern formulas.

All experiments were conducted on a Pentium-M 1.5 GHz with 512 MB RAM, run-
ning Linux.

The LTL→NBA translator chosen for all the following experiments wasltl2ba
(see Section 5.5), because using it,ltl2dstar was able to calculate DRA for all
benchmark formulas, it is fast and the automata sizes are reasonable. In Section 5.5 we
will compareltl2ba to other LTL→NBA translators in the context ofltl2dstar .

The following notations will be often used in the tables showing the results:

Σ(|A|) The total number of states for all automata

Σ(t) The total running time

It should be noted that the time keeping of the running time is not exact, so small
differences in the running time should not be overestimated.

The following sets of formulas were used:

Name Number of formulas Defined in

[SB00], [EH00] 39 Section 5.3.1

Patterns 55 Section 5.3.2

100 random 100 Section 5.3.3

1000 random 1000 Section 5.3.3
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5.4.1 On-the-fly optimizations

To allow a comparison of the relative effectiveness of the on-the-fly optimizations (Sec-
tion 4.1), the four sets of LTL benchmark formulas were used as input toltl2dstar .
First, all on-the-fly optimizations were disabled, resulting in the standard Safra’s con-
struction. Then, a run was carried out with all on-the-fly optimizations enabled. To
assess the individual impact of the different optimizations, for every optimization a run
was carried out with just this optimization disabled. Then the difference with the size
of the DRA with all on-the-fly optimizations enabled (increase in size of the DRA with
the optimization disabled) was calculated. The sums of the differences for all the opti-
mizations are shown in Table 5.4, a bigger value means a bigger impact of the particular
optimization.

The optimizations that are not on-the-fly, like bisimulation and the union construction,
were disabled.

[SB00],[EH00] Patterns 100 random 1000 random

Σ(|A|) with all opt. 926 246455 642 6743

No optimization +394 +94666 +983 +36632

No ’Trueloop detection’ +195 +1467 +651 +26254

No ’All successors accepting’ +113 +95 +38 +400

No ’Node renaming’ +40 +92687 +8 +90

No ’Reordering’ +16 +0 +8 +31

Σ(t) (no opt.) 0.48 s 358.50 s 0.70 s 12.89 s

Σ(t) (all opt.) 0.39 s 270.14 s 0.56 s 5.57 s

Table 5.4:Results for the on-the-fly optimizations.

Analysis

The effectiveness of all the on-the-fly combinations combined was highest for the ran-
dom formulas, where they resulted in a reduction by around 60% for the 100 and 84%
for the 1000 random formulas. This is mostly due to the ”Trueloop detection”, followed
by ”All successors accepting”. For the formulas from [SB00] and [EH00], the overall
reduction is lower (around 30%) and ”All successors accepting” plays a bigger role than
for the random formulas. The pattern formulas, while also having an overall reduction
of around 30%, exhibit a completely different behavior: Here, the ”Node renaming” is
almost exclusively responsible for the overall reduction. It seems that ”Node renaming”
works better for bigger automata, which can be explained by the fact that a single tree
that can be matched early in the construction can result in a huge reduction of states, as
an incompatible naming would result in the duplication (also with different names) of
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many of the successor states. The bigger the automaton gets, the more states would be
duplicated, so ”Node renaming” has a bigger effect.

The ”Reordering” does not seem to have a big effect.

Another interesting point is the running time: With all on-the-fly optimizations en-
abled, the running time was shorter than with the optimizations disabled, the benefit
of handling fewer states far outweighs the additional effort needed to carry out the opti-
mizations. The biggest reduction in running time could be observed for the 1000 random
formulas with more than 50%; for the other formulas sets, the reduction was between
20% and 30%.

5.4.2 Union construction

Table 5.5 shows a comparison of the automata size when the union construction (Section
4.3) is used to handle formulas where the top-level operator is∨ (or a similar operator
like →). The on-the-fly optmimizations were enabled.

The first three rows show the sum of the automata sizes only for the formulas that
have this special form, first with the union construction disabled (”Without Union”),
then the results when the union construction is always used if possible (”Only Union”)
and at last the automata where the automata generated by the union construction were
only chosen if they were smaller than the automata generated the ”normal way” (”With
Union”).

The next two rows show the results for all formulas, once without the union construc-
tion and then with the union construction enabled but only used when the automata are
smaller. The sixth row shows the difference between the two, being the reduction that is
made possible by using the union construction.

[SB00],[EH00] Patterns 100 random 1000 random

Σ(|Aϕ1∨ϕ2 |) Without union 199 228 135 1478

Σ(|Aϕ1∨ϕ2 |) Only union 135 208 133 1445

Σ(|Aϕ1∨ϕ2 |) With union 133 208 131 1436

Σ(|Aall|) Without union 926 246455 642 6743

Σ(|Aall|) With union 860 246435 638 6701

Σ(|Aall|) Difference -66 (-7.7%) -20 (-0.0%) -4 (-0.6%) -42 (-0.6%)

ϕ = ϕ1 ∨ ϕ2 8 (20.5%) 17 (30.9%) 25 (25.0%) 270 (27.0%)

Union construction is smaller 5 (62.5%) 15 (88.2%) 2 (8.0%) 17 (6.3%)

Union construction is bigger 2 (25.0%) 0 (0.0%) 1 (4.0%) 9 (3.3%)

Table 5.5:Results for the union construction.
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The last three rows show how many formulas had the special form needed for the
union construction and for how many of these formulas the DRA generated using it
were smaller or bigger than the ”normal” DRA.

Analysis

If we only consider the formulas with∨ as their top operator, the union construction
provides a modest reduction in the size of the automata, ranging from around 3% for
the random formulas, around 9% for the pattern formulas to more than 30% for the
formulas from [SB00] and [EH00]. But considering all formulas, the overall effect
is smaller, ranging from a reduction by around 7% for the formulas from [SB00] and
[EH00] to less than 1% for the random formulas, and to almost nothing for the pattern
formulas, which is due to the big automata for formulas without∨ as their top operator.

5.4.3 Bisimulation

[SB00],[EH00] Patterns 100 random 1000 random

Σ(|A|) Σ(t) Σ(|A|) Σ(t) Σ(|A|) Σ(t) Σ(|A|) Σ(t)

No opt., no bisim. 1320 0.5 s 341121 362.5 s 1625 0.7 s 43375 12.9 s

No opt., with bisim. -636 0.5 s -217780 373.1 s -631 0.7 s -29990 12.9 s

No bisimulation 860 0.4 s 246435 272.8 s 638 0.7 s 6701 7.1 s

With bisimulation -474 0.4 s -142792 281.1 s -132 0.7 s -1383 7.2 s

Table 5.6:Results for the bisimulation optimization

To evaluate the performance of the bisimulation optimization (Section 4.2.2), we
compare the difference in the size of the DRA with bisimulation disabled and enabled.
The first comparison was conducted with no other optimizations enabled, i.e. plain
Safra’s construction. The second comparison was conducted with the on-the-fly op-
timizations and the union construction enabled. Table 5.6 show the comparison and
additionally the running time.

Analysis

Bisimulation provides a surprisingly big reduction in the size of the automata at a very
moderate cost (less than 3% increase in running time). For the pattern formulas, the
effect is highest, with reductions by around 60%. For the formulas from [SB00] and
[EH00] the reductions are around 50%. For these two formula sets, bisimulation works
roughly as well when the other optimizations are enabled, leading to a combined reduc-
tion of around 70%!
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For the random formulas, bisimulation reduces the already optimized automata by
an additional 20%, which improves the (already high) reduction from the on-the-fly
optimizations for the 1000 formulas to an impressive 90%.
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Figure 5.3:Relationship between the number of different acceptance signatures and the
number of states in the quotient automaton (in percent of the number of
states of the original automaton, 100% equals no reduction due to bisimula-
tion).

As noted in the description of the bisimulation reduction, it is clear that the number of
different acceptance signatures in the original automaton plays an important role, as it
determines the number of elements in the initial partition. Figure 5.3 shows the relation-
ship between the number of different acceptance signatures and reduction in the number
of states of the quotient automaton. The data is from the runs with bisimulation enabled,
so it contains automata generated with enabled and disabled on-the-fly optimizations.

These graphs are interesting, because they show that even for very big initial parti-
tions, the reductions can be significant. This indicates that Safra’s construction produces
many redundant states in big DRA, which would be interesting to investigate further,
perhaps leading to additional on-the-fly optimizations that avoid creating this redundant
states in the first place.
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[SB00],[EH00] Patterns 100 random 1000 random

Σ(|A(co)safe|) No scheck 82 132 299 3049

Σ(|A(co)safe|) Only scheck 67 66 255 2410

Σ(|A(co)safe|) With scheck 66 66 251 2357

Σ(|Aall|) No scheck 860 246435 638 6701

Σ(|Aall|) With scheck 844 246365 590 6007

Difference -16 (-1.9%) -70 (-0.0%) -48 (-8.1%) -694 (-11.6%)

ϕ is syntactically (co)safe 17 (43.6%) 16 (29.1%) 61 (61.0%) 617 (61.7%)

DRA with scheck is smaller 5 (29.4%) 14 (87.5%) 15 (24.6%) 139 (22.5%)

DRA with scheck is bigger 1 (5.9%) 0 (0.0%) 4 (6.6%) 58 (9.4%)

Table 5.7:Results: Using the externalscheck tool for handling syntactically safe and
co-safe formulas.

5.4.4 Using scheck for (co-)safety formulas

Table 5.7 shows a comparison of the automata size when thescheck tool was used to
handle syntactically safe and co-safe LTL formulas (Section 4.5). The first three rows
show the sum of the automata sizes only for the formulas that are syntactically (co-)safe,
first without usingscheck (”Without scheck ”), then the results ofscheck (”Only
scheck ”) and at last the automata where the automata fromscheck were only chosen
if they were smaller than the automata generated the ”normal way” (”Withscheck ”).

The next two rows show the results for all formulas, once withoutscheck and then
with scheck enabled, but only used when the automata are smaller. The sixth row
shows the reduction is made possible by usingscheck .

The last three rows show how many formulas were syntactically (co-)safe and for
how many of these formulas the DRA generated withscheck were smaller or bigger
than the ”normal” DRA.

Analysis

If we only consider the syntactically (co-)safe formulas, the use ofscheck provides
a reduction of around 50% for the pattern formulas and of around 20% for the other
formulas. Considering all formulas, the overall reduction is reduced to around 10% for
the random formulas, 2% for the formulas from [SB00] and [EH00] and for the same
reasons as with the union construction to almost nothing for the pattern formulas.
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[SB00],[EH00] Pattern formulas 100 random 1000 random

Σ(|ADRA|) 386 103643 506 5319

Σ(|ADSA|) 614 6763 660 5265

Σ(min(|ADRA|, |ADSA|)) 268 6401 475 4487

DRA / DSA is min. 59.0% / 48.7% 12.7% / 90.9% 81.0% / 72.0% 71.6% / 72.4%

Σ(|NBA(ϕ)|) 205 435 389 3574

Σ(|NBA(¬ϕ)|) 176 271 399 3609

Table 5.8:Comparison of DRA and DSA

5.4.5 Both DRA and DSA

What are the benefits of accepting both deterministic Rabin and Streett automata (Sec-
tion 4.4)? To answer this question, for all benchmark formulas a DRA and a DSA (by
generating the DRA for the negated formula) were generated. All on-the-fly optimiza-
tions, union construction and bisimulation were enabled, butscheck was disabled.

The results are shown in Table 5.8. The first two rows show the sum of the sizes of the
DRA and DSA respectively,Σ(|ADRA|) andΣ(|ADSA|). As the smaller automaton of
the DRA and DSA is returned when the user accepts both DRA and DSA, the third row
is the sum of the size of this minimum automaton,Σ(min(|ADRA|, |ADSA|). The fourth
row is the percentage how often the DRA and DSA were the minimum automaton. As
DRA and DSA can both be the minimum automaton at the same time when both have
the same size, the two percentages add up to a number greater than 100%.

The last two rows show the sizes of the NBA for the positive formula (used for the
DRA) and the negated formula (used for the DSA).

Analysis

The most interesting result here is the enormous difference for the pattern formulas,
where in almost all cases the Streett automata are smaller than the Rabin automata. A
detailed look at the DRA and DSA sizes for the pattern formulas can be found in Figure
5.4. It can clearly be seen that theAfter Q until Rscope with the differentResponse
patterns results in very big Rabin automata with smaller Streett automata. Yet, the same
scope used with thePrecedence Chain (1 stimulus, 2 responses)pattern produces a ten
times larger Streett automaton.

For the formulas from [SB00] and [EH00], all the DSA together are bigger than the
DRA. For the random formulas, accepting both DRA and DSA results in smaller au-
tomata in about 20% - 30% of the cases and DRA and DSA have roughly the same
sizes, as is to be expected.
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Figure 5.4:DRA and DSA sizes for the pattern formulas. The scopes for each pattern
are orderedGlobal, Before R, After Q, Between Q and R, After Q until R.

It is interesting to note that for the formulas from [SB00] and [EH00], the NBA for
the positive formulas are collectively bigger than the NBA for the negative formulas,
yet for the deterministic Rabin and Streett automata this is reversed. For the pattern
formulas, the NBA for the positive formulas are collectively only 60% bigger than the
NBA for the negative formulas, the DRA however are 15 times as large as the DSA,
showing that relatively small differences in the NBA size can lead to big differences in
the deterministic automata.

5.4.6 All optimizations combined

After having looked at the different optimizations separately, we will now look at the
overall performance of theltl2dstar tool.

Limiting

First, we will consider the effect of aborting the creation of an automaton if a smaller
automaton was already generated with an alternative method (likeStreett, Union or
scheck ) as described in Section 5.1. Table 5.9 shows the results for runs ofltl2dstar
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with limiting disabled (thus using all available approaches to generate an automaton and
choosing the smallest afterward) and then with limiting enabled and for different values
of α, the factor used to expand the limit to temporarily allow bigger automata which
might later be made smaller using bisimulation. All optimizations were enabled, in-
cluding bisimulation and generating DRA or DSA.

[SB00],[EH00] Patterns 100 random 1000 random

Σ(|A|) Σ(t) Σ(|A|) Σ(t) Σ(|A|) Σ(t) Σ(|A|) Σ(t)

No Limit 268 133.35 s 6399 278.97 s 474 1.53 s 4480 15.32 s

Limit (α = 1) 347 0.93 s 6406 13.62 s 476 1.51 s 4529 15.28 s

Limit (α = 2) 269 0.94 s 6402 19.88 s 476 1.53 s 4503 15.47 s

Limit (α = 5) 268 1.04 s 6401 40.42 s 474 1.54 s 4480 15.52 s

Limit (α = 10) 268 1.08 s 6399 74.67 s 474 1.55 s 4480 15.44 s

Table 5.9:Sizes of the automata and running time using limiting and for different values
of α. All optimizations enabled, including generation of DRA or DSA.

As can be seen, using limiting can dramatically improve the running time, at the
cost of potentially missing the opportunity that an automaton may be larger during con-
struction but is reduced significantly afterwards by bisimulation. With increasingα, the
automata sizes approach the sizes of the automata generated without limiting and the
running time increases, but is either roughly the same (as for the random formulas) or
still lower ([SB00],[EH00] and pattern formulas) than without limiting.

The proposed heuristic of starting with the construction of the DRA or of the DSA
depending on which of the two has the smaller NBA seems to work well.

Performance of ltl2dstar

Table 5.10 shows a comparison between the sizes of the automata generated using
Safra’s construction without optimization and the sizes of DRA and DSA generated
with all optimizations enabled (including limiting, withα = 10), and the reduction the
optimizations provide compared to Safra’s construction without optimization.

If only DRA are generated, the introduced optimizations had the effect of an overall
reduction of around 70% and more. If the user has the flexibility of handling both DRA
and DSA, this has a big impact on the automata size; for the pattern formulas the overall
automata sizes are 50 times smaller than with Safra’s construction and DRA.

The running time is acceptable, especially if DRA or DSA can be returned and limit-
ing with a smallα is enabled.
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5 The toolltl2dstar

DRA (no opt.) DRA (opt.) DSA (opt.) DRA or DSA (opt.)

[SB00],[EH00] (39 formulas)

Σ(|A|) 1320 384 614 268

Reduction -936 (-70.9 %) -706 (-53.5 %) -1052 (-79.7 %)

TimeΣ(|t|) 1.02 s 0.96 s 0.88 s 1.04 s

Patterns (55 formulas)

Σ(|A|) 341121 103623 6763 6399

Reduction -237498 (-69.6 %) -334358 (-98.0 %) -334722 (-98.1 %)

TimeΣ(|t|) 358.98 s 276.78 s 11.37 s 73.83 s

100 random (100 formulas)

Σ(|A|) 1625 498 660 474

Reduction -1127 (-69.4 %) -965 (-59.4 %) -1151 (-70.8 %)

TimeΣ(|t|) 0.66 s 1.13 s 0.70 s 1.49 s

1000 random (1000 formulas)

Σ(|A|) 43375 5232 5262 4480

Reduction -38143 (-87.9 %) -38113 (-87.9 %) -38895 (-89.7 %)

TimeΣ(|t|) 12.58 s 11.59 s 6.63 s 14.91 s

Table 5.10:Automata sizes with all optimizations enabled and the reduction compared
to the aumata generated with the standard Safra’s construction (”DRA no
opt.”)
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Automata sizes for selected formulas

To allow a detailed look at the automata sizes for individual formulas, Table 5.11 shows
the sizes of the DRA and DSA for the formulas from [EH00], Table 5.12 for the formulas
from [SB00] and Table 5.13 for the pattern formulas. For comparison, the sizes of the
NBA for the positive formulas is presented, too.

It can be seen that for most formulas either the DRA or the DSA has less than 50
states. A big exception are the automata for the formulas for theResponse Chain (1-2)
and theConstrained Response (1-2)patterns with theAfter Q until Rscope, which had
about 2000 and 4000 states.

Comparing the deterministic automata sizes with the sizes of the NBA, it can be seen
that for many formulas the sizes are comparable, sometimes the deterministic automata
are even smaller.

NBA DRA DSA

p U(q ∧¤ r) 2 5 (2) 7 (1)

p U(q ∧ X(r U s)) 3 5 (1) 6 (1)

p U(q ∧ X(r ∧ (♦(s ∧ X(♦(t ∧ X(♦ u ∧ X♦ v))))))) 7 9 (1) 10 (1)

♦(p ∧ X¤ q) 2 3 (1) 8 (1)

♦(p ∧ X(q ∧ X(♦ r))) 4 4 (1) 5 (1)

♦(p ∧ X(p U r)) 3 3 (1) 4 (1)

(♦¤ q) ∨ (♦¤ p) 3 9 (2) 5 (1)

¤(p → (q U r)) 2 5 (1) 4 (2)

♦(p ∧ X♦(q ∧ X♦(r ∧ X♦ s))) 5 5 (1) 6 (1)

¤♦p ∧¤♦q ∧¤♦r ∧¤♦s ∧¤♦t 6 11 (1) 243 (5)

(p Uq U r) ∨ (q U r U p) ∨ (r Up Uq) 8 3 (1) 3 (1)

¤(p → (q U(¤r ∨¤s))) 4 25 (3) 24 (2)

Table 5.11:Number of states of DRA and DSA for the formulas from [EH00] and
number of states of the NBA for the positive formulas (withltl2ba ).
In parentheses, the number of acceptance pairs inΩ.
The smaller of the two automata is marked in bold.
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NBA DRA DSA

p Uq 2 3 (1) 4 (1)

p U (q U r) 3 4 (1) 5 (1)

¬(p U (q U r)) 3 4 (1) 4 (1)

(¤♦ p) → (¤♦ q) 5 12 (2) 7 (1)

(♦ p) U (¤ q) 6 4 (1) 9 (2)

(¤ p) U q 4 6 (2) 5 (1)

¬(♦♦ p ↔ ♦ p) 1 1 (0) 2 (1)

¬(¤♦ p → ¤♦ q) 3 7 (1) 12 (2)

¬(¤♦ p ↔ ¤♦ q) 1 1 (0) 2 (1)

p V (p ∨ q) 2 3 (1) 3 (1)

((Xp) U (Xq)) ∨ ¬ X(p U q) 1 2 (1) 1 (0)

((Xp) U q) ∨ ¬ X(p U (p ∧ q)) 4 3 (2) 1 (0)

¤(p → ♦ q) ∧ (((X p) Uq) ∨ ¬ X(p U (p ∧ q))) 6 19 (2) 3 (1)

¤(p → ♦ q) ∧ (((Xp) U (X q)) ∨ ¬ X(p Uq)) 2 4 (1) 3 (1)

¤(p → ♦ q) 2 4 (1) 3 (1)

¬¤(p → X(q V r)) 3 3 (1) 4 (1)

¬((¤♦ p) ∨ ♦¤ q) 3 7 (1) 12 (2)

¤(♦ p ∧ ♦ q) 3 5 (1) 15 (2)

♦ p ∧ ♦¬p 4 4 (1) 4 (2)

((Xq) ∧ r) V X(((s Up) V r) U(s V r)) 21 38 (5) 6 (1)

(¤(q ∨¤♦ p) ∧¤(r ∨¤♦¬p)) ∨¤ q ∨¤ r 11 33 (4) 7 (1)

(¤(q ∨ ♦¤ p) ∧¤(r ∨ ♦¤¬p)) ∨¤ q ∨¤ r 12 29 (5) 53 (3)

¬((¤(q ∨¤♦ p) ∧¤(r ∨¤♦¬p)) ∨¤ q ∨¤ r) 27 17 (1) 64 (4)

¬((¤(q ∨ ♦¤ p) ∧¤(r ∨ ♦¤¬p)) ∨¤ q ∨¤ r) 21 73 (3) 49 (5)

¤(q ∨ X¤ p) ∧¤(r ∨ X¤¬p) 3 5 (1) 5 (1)

¤(q ∨ (X(p ∧ X¬p))) 1 3 (1) 2 (1)

(p Up) ∨ (q Up) 2 3 (1) 4 (1)

Table 5.12:Number of states of DRA and DSA for the formulas from [SB00] and
number of states of the NBA for the positive formulas (withltl2ba ).
In parentheses, the number of acceptance pairs inΩ.
The smaller of the two automata is marked in bold.
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5 The toolltl2dstar

5.5 Evaluating LTL →NBA translators

ltl2dstar is designed to use an external LTL→NBA translator, which allows ex-
perimentation with different approaches to the LTL→NBA problem in the context of
subsequent determinization.

We will evaluate four LTL→NBA translators to see which one provides the best basis
for the conversion of LTL to deterministicω-automata.

The area of LTL→NBA translators has been actively researched for several decades,
with many different approaches and optimizations. Many implementations are freely
available. They often differ in the format of the LTL formulas they expect and in the
format for the nondeterministic B̈uchi automaton they output. Fortunately, there exist
wrappers for most tools that provide a simple standard interface, specified by thelbtt
testbench5.

For most LTL→NBA translators, the translation process can be separated into three
phases:

1. LTL formula rewriting: Try to simplify the formula by using known equiva-
lences.

2. LTL →NBA: Convert the formula to a nondeterministic Büchi automaton.
3. Minimization of the NBA: Try to simplify the NBA. Common techniques are

building the quotient automaton for a simulation relation or finding never accept-
ing SCCs that can be deleted.

The following LTL→NBA translators were selected for a comparison:

• spin 6: The model checkerspin [Hol97] is probably the most widely used LTL
model checker, but can also be used as a stand-alone LTL→NBA translator.

Algorithm: The algorithmspin utilizes was proposed in [GPVW95] and uses
a tableaux method to keep track of locally satisfied subformulas and the sub-
formulas that need to be satisfied in the next step.

Implementation: The NBA are output in the form ofnever claims, program frag-
ments expressed in the languagePROMELA, which is also used for the specifica-
tion of the models to check. AsPROMELAis a complete programming language,
never claims can theoretically be very complex. In practice, the never claims gen-
erated byspin have a certain structure that can be parsed without implementing
a completePROMELAparser.spin is written in C.

• ltl2ba 7:
Algorithm: [GO01] ltl2ba was the first LTL→NBA translator that translates

5http://www.tcs.hut.fi/Software/lbtt/doc/html/Interfacing-with-lbtt.
html

6http://www.spinroot.com/
7http://www.liafa.jussieu.fr/˜oddoux/ltl2ba/
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5.5 Evaluating LTL→NBA translators

the LTL formulas intovery weak alternating B̈uchi automata(e.g. [Var96]). The
transitions of alternating automata can express nondeterminism (choose one suc-
cessor) and universality (choose all successors) at the same time, which allows
the construction of an alternating automaton withO(|ψ|) states for an LTL for-
mulaψ. These automata have a special property (they arevery weak), allowing
to convert them to NBA withO(2|ψ|) states.ltl2ba uses simple, but effective
reductions at every intermediate step.

Implementation: ltl2ba is meant as a replacement for the LTL→NBA algo-
rithm for spin , so it outputs never claims inPROMELA, too. It is written in
C.

• Modella 8:
Algorithm: [ST03] The algorithm used byModella is a modification of [GPVW95]
with the aim of generating more deterministic automata (i.e. avoiding nondeter-
ministic branching where possible, even if this leads to more states).
It can perform formula rewriting and simulation-based minimization of the NBA
with delayed simulation[EWS01].

Interface: Modella uses thelbtt interface, but requires the LTL formulas to
be in PNF. It is written in C++.

• LTL→NBA9:
Algorithm: [Fri03] LTL→NBAconverts the LTL formula to a weak alternating
Büchi automaton and calculates adelayed simulation relation[EWS01] on the
alternating automaton (instead of on the NBA as other tools do) and converts it to
a nondeterministic B̈uchi automaton.

Implementation: LTL→NBAis written in Python and provides anlbtt com-
patible interface.

5.5.1 Benchmarking the LTL →NBA translators

To compare the LTL→NBA translators, the formula sets from Section 5.3 were used
to generate nondeterministic Büchi automata with the four different programs. These
NBA were then converted to DRA with Safra’s construction, using the on-the-fly opti-
mizations from 4.1 and theUnion construction, but not bisimulation.

Failures to generate NBA or DRA To limit the running time and memory con-
sumption, the generation of the NBA or DRA was aborted if it took longer than 15
minutes or used more than 300 MB of memory. Unfortunately, for some formulas and
LTL→NBA translators, these limits were reached, so that the DRA or even the NBA
could not be calculated.

8http://www.science.unitn.it/˜stonetta/modella.html
9http://www.ti.informatik.uni-kiel.de/˜fritz/
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5 The toolltl2dstar

Using spin , the generation of the NBA was aborted in all 9 failing runs. The
three failing runs usingModella were aborted during the construction of the DRA,
with DRA sizes exceeding 200,000 states. The NBA generated for these formulas by
Modella had 44 and 53 states.

Statistical analysis

To facilitate comparison, for each formula the smallest DRA generated using one of the
four different LTL→NBA translators was selected. This allows a comparison of each
LTL→NBA translator with this minimum DRA. The smaller the difference between the
DRA size and the minimum DRA, the better.

Additionally, the following values were calculated and the results are shown in Ta-
ble 5.14 to Table 5.17:

Failures Number of failures to compute the NBA or DRA.

Σ(t) Total running time for the LTL→NBA translators andltl2dstar .

Min. DRA How often was the generated DRA the smallest of the four programs?

Σ(|A|) The total number of states of the DRA.

∆ For every DRA,∆ is the difference between the number of states and the
number of states of the minimum DRA for the formula.

Σ(∆) The sum of the differences to the minimum DRA.

avg(∆) The average difference to the minimum DRA.

As the size of the DRA for the aborted runs are not known, the presented number for
the LTL→NBA translators with failed runs are a lower bound.

Graphs

Figure 5.5 shows the results for the formulas from [SB00] and [EH00], Figure 5.6 for
the pattern formulas and Figures 5.7 and 5.8 for the 100 and 1000 random formulas.

The graphs on the left show the size of the DRA and the size of the minimum DRA
(of the four) for each formula. The formulas were sorted by the size of the minimum
DRA. ”Peaks” indicate bigger DRA size than the minimum DRA, a gap in the graph
occurs when generating the DRA failed.

The graphs on the right plotthe size of the NBA against the size of the resulting DRA.
Due to the logarithmic scale of the DRA sizes, the exponential relationship between
NBA and DRA size appears linear in the graphs.

Both graphs use a logarithmic scale for the number of states in the DRA, so that small
and large automata can be shown in the same graph.
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Min. ∆ with min. DRA

Program Failures Σ(t) DRA Σ(|A|) Σ(∆) avg(∆)

ltl2ba 0 0.45 s 66% 926 535 13.72

Modella 0 46.70 s 41% 5952 5561 142.59

Spin (2.6%) 1 340.00 s 36% > 3241 > 2858 > 75.21

LTL→NBA 0 703.12 s 64% 1315 924 23.69

Table 5.14:Statistical analysis for the 39 formulas from [SB00] and [EH00].

Min. ∆ with min. DRA

Program Failures Σ(t) DRA Σ(|A|) Σ(∆) avg(∆)

ltl2ba 0 269.49 s 56% 246455 88484 1608.80

Modella (5.5%) 3 816.17 s 38% > 20525 > 19359 > 372.29

Spin (12.7%) 7 5453.19 s 31% > 45935 > 45068 > 938.92

LTL→NBA 0 300.30 s 58% 288745 130774 2377.71

Table 5.15:Statistical analysis for the 55 pattern formulas.

Min. ∆ with min. DRA

Program Failures Σ(t) DRA Σ(|A|) Σ(∆) avg(∆)

ltl2ba 0 0.58 s 79% 642 129 1.29

Modella 0 1.56 s 80% 771 258 2.58

Spin 0 3.59 s 67% 830 317 3.17

LTL→NBA 0 8.00 s 75% 559 46 0.46

Table 5.16:Statistical analysis for the 100 random formulas.

Min. ∆ with min. DRA

Program Failures Σ(t) DRA Σ(|A|) Σ(∆) avg(∆)

ltl2ba 0 5.86 s 80% 6743 1622 1.62

Modella 0 26.23 s 74% 69858 64737 64.74

Spin (0.1%) 1 1043.76 s 63% > 11726 > 6625 > 6.63

LTL→NBA 0 81.03 s 77% 6167 1046 1.05

Table 5.17:Statistical analysis for the 1000 random formulas.
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Figure 5.5:Comparison of LTL→NBA tools for the39 formulas from [SB00] and
[EH00], sorted by size of the smallest DRA. Right: Comparison between
the size of the NBA and the size of the DRA.
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Figure 5.6:Comparison of LTL→NBA tools for the55 pattern formulas, sorted by
size of the smallest DRA. Right: Comparison between the size of the NBA
and the size of the DRA.
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Figure 5.7:Comparison of LTL→NBA tools for 100 random formulas, sorted by size
of the smallest DRA. Right: Comparison between the size of the NBA and
the size of the DRA.
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Figure 5.8:Comparison of LTL→NBA tools for1000 random formulas, sorted by size
of the smallest DRA. Right: Comparison between the size of the NBA and
the size of the DRA.
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5 The toolltl2dstar

Interpreting the results

For the automata sizes, the two programs using alternating Büchi automata internally
(ltl2ba andLTL→NBA) have the lead and were the only programs without failures
to calculate the DRA. Both programs had formulas were one was clearly better than the
other, so it is not possible to declare a clear winner. If we consider the running time,
ltl2ba is clearly the fastest. How much of the longer running time ofLTL→NBAis
due to the implementation in Python and how much of it is due to the more complex
algorithm should be further investigated, as well as the reason why for some formulas
the NBA were larger than the NBA fromltl2ba .

Modella performed better thanspin . How much of the advantage ofModella
is due to the ”more deterministic” NBA it aims to create and how much is due to other
optimizations is unclear and should be further investigated.

It will be interesting to see how other, new approaches and tools will behave in the
context ofltl2dstar .
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6 Conclusion

We have considered Safra’s construction in the context of translating LTL formulas to
deterministic Rabin and Streett automata and evaluated the performance of its imple-
mentation in the toolltl2dstar and the effect several proposed optimizations had
on the automata size. Additionally, four LTL→NBA were evaluated in the context of
subsequent determinization.

These are the main observations:

• For many formulas, Safra’s construction (with the presented optimizations) is us-
able in practice and results in deterministicω-automata with acceptable sizes.
Nevertheless, there are clearly formulas where determinization using Safra’s con-
struction results in very big automata, even when the NBA are relatively small
(under 50 states), as is to be expected due to the complexity of determinization.

• The proposed optimizations have a big impact (overall reductions of 70% and
more) in practice and contribute a great deal to the practical feasibility of using
Safra’s construction for LTL formulas.

• If the user has the flexibility to handle both deterministic Rabin and Streett au-
tomata, this should be utilized, as it can provide significantly smaller automata
and the chance that a particular formula results in an automaton with acceptable
size is much higher.

• The duality of Rabin and Streett automata provides a very useful tool for easy
complementation of the automata and was used multiple times to good effect.
A similar easy complementation is not available for nondeterministic Büchi au-
tomata.

• Perhaps surprisingly, the simple direct bisimulation optimization performed ex-
tremely well in practice on the DRA and DSA, despite the more complex accep-
tance condition which lead to a bigger initial partition. This can indicate that
there exist redundancies in Safra’s construction. It would be interesting to re-
search more complex simulation relations on DRA and DSA.

• The choice of the external LTL→NBA translator has a big impact on the size of
the deterministic automata.
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6 Conclusion

6.1 Further research opportunities

This section lists some further optimizations and approaches that might be worthwhile
to explore and implement inltl2dstar .

6.1.1 Alternatives to Safra’s construction

There exist different approaches to the determinization of Büchi automata and to the
translation of LTL formulas to deterministicω-automata:

1. Muller and Schupp [MS95] propose a different algorithm for the conversion from
nondeterministic B̈uchi automata to deterministic Rabin automata based on tree
automata. Like Safra’s construction, the algorithm by Muller and Schupp is op-
timal. It would be very interesting to compare its performance to that of Safra’s
construction in practice.

2. Schneider [Sch97] proposes an algorithm for generating deterministic automata
directly from LTL formulas by using a bottom-up approach using the closure un-
der∨, ∧, X andV. The generated automata use additional input variables to simu-
late nondeterminism.

3. [Red99] proposes a translation fromω-regular expressions directly to determinis-
tic ω-automata.

6.1.2 Detecting Büchi-type automata

In [KPB94], Krishnan, Puri and Brayton propose a polynomial time algorithm to check
if the language of a deterministic Rabin automaton is also realizable by a deterministic
Büchi automaton (DBA-realizable). They show that if a DRA is DBA-realizable, the
corresponding DBA can have the same transition structure, the two automata differ only
in their acceptance condition, i.e. it just has to be determined which states in the DRA
become accepting states in the DBA, which can also be done in polynomial time.

6.1.3 Minimization of deterministic weak Büchi automata

In [Löd01], Löding presents aO(n · logn) algorithm for constructing the minimum
automaton for the subclass of deterministicweakBüchi automata.

6.1.4 Converting to minimal-pair DRA

Definition 6.1.1 (Rabin index). For anω-regular languageL, theRabin indexof L is
the minimum numberk of Rabin acceptance pairs needed to realizeL as a deterministic
Rabin automaton.
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6.1 Further research opportunities

Wagner [Wag79] showed that the Rabin index induces a strict hierarchy ofω-regular
languages, as for everyn, there exists a language that can not be realized with fewer
thann Rabin pairs.

In [KPB95], Krishnan, Puri and Brayton propose an algorithm that can transform a
DRAA with n states andh acceptance pairs into an equivalent DRAA′ with O(n · hk)
states andk acceptance pairs as the acceptance condition, wherek is the Rabin index of
L(A).

This transformation might be useful in situations were the number of acceptance pairs
is a bigger concern than the number of states of a DRA.
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linear temporal logic. Research report, Helsinki University of Technology,
Laboratory for Theoretical Computer Science, December 2000.

[Tho90] Wolfgang Thomas. Automata on infinite objects. In Jan van Leeuwen, edi-
tor,Handbook of Theoretical Computer Science, Volume B: Formal Models
and Sematics, pages 133–192. Elsevier and MIT Press, 1990.

[Tho97] Wolfgang Thomas. Languages, automata, and logic.Handbook of formal
languages, 3:389–455, 1997.

[Var94] Moshe Y. Vardi. Nontraditional applications of automata theory. In
TACS, volume 789 ofLecture Notes in Computer Science, pages 575–597.
Springer, 1994.

[Var96] Moshe Y. Vardi. An automata-theoretic approach to linear temporal logic.
In Banff Higher Order Workshop, volume 1043 ofLecture Notes in Com-
puter Science, pages 238–266. Springer, 1996.

[VW86] Moshe Y. Vardi and Pierre Wolper. An automata-theoretic approach to
automatic program verification. InLICS, pages 332–344. IEEE Computer
Society, 1986.

85



Bibliography

[Wag79] K. Wagner. Onω-Regular Sets.Information and Control, 43:123–127,
1979.

[Wol82] Pierre Wolper.Synthesis of Communicating Processes from Temporal Logic
Specifications. PhD thesis, Stanford University, 1982.

86



Erkl ärung

Ich erkl̈are hiermit, dass ich die vorliegende Arbeit selbstständig verfasst und keine
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